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Motivation

® An arbitrary input f(t) can be expressed as a sum of its impulse components.

1)

y

~

Ar t=nAt

® There are infinite possible ways of expressing an input f(¢) in terms of other signals.

® This chapter addresses the Fourier series method.
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Signals and Vectors

Component of a Vector

z and f are vectors with magnitudes |z| and |f],
respectively. The dot (inner or scalar) product
of these two vector is

f-z = |flle] cos,

where 6 is the angle between these vectors.

® The vector f can be expressed in terms of vector x as
f=cx+e

® this is not the only way to express fin terms of = .
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Signals and Vectors

Component of a Vector

® The figure show two of the infinite other possibilities.
f=a1z+ e1 = azz+ e
® Three representations f is represented in terms of z plus another vector called the error
vector

® |If f~ ax, the error in the approximation is the vector e = f— axz.

® Mathematically, we « such that e is minimum.
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Signals and Vectors

Component of a Vector

® The length of the component of falong z is
|flcos @ = alz
® Multiplying both sides by |z yields
alz? = |fl|lz|cosd = f- =

Therefore

fz 1
a="—=—f=x
® When fand z are perpendicular (orthogonal), then f has a zero component along z or
a=0
® We define f and z to be orthogonal if the inner (scalar or dot) product of the two
vectors is zero, if f- x = 0.
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Signals and Vectors

Component of a Signal

We could use the concept of a vector component and orthogonality with signals.

Consider the problem of approximating a real signal f(t) in terms of another real signal
z(t) over the interval [t1, t2]:

f(t) ~ a:r(t), t1 <t< ty

the error e(?) in this approximation is

e(t) = {f(t) —ax(t), t1 <t<ty

0, otherwise

We select the signal energy as a measured tool. The best approximation, we need to
minimize the error signal-that is, minimize its size, which is its energy E. over the
interval [¢1, 2] given by

= t2 62 = t2 — T 2
B = / (0di= [ 1) ~ aa(t)? as

1
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Signals and Vectors

Component of a Signal

To minimize E. the necessary condition is

dE. _
do
% [/: [f(t) — aa(t)? dt} —0

Expanding the squared term, we obtain

1 0] o a0 ]

ty o ©
o [" J(Ha(t)dt + 2c “ 2(t)dt=0
t ty
ta
fsde
o= = — [ (it

to = Evz
/ 2 (t)dt f1
ty
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Signals and Vectors

Component of a Signal

® This is behavior is similar to the behavior of vectors.

® The area under the product of two signals corresponds to the inner product of two
vectors.

® The inner product of f(t) and z(¢) is defined by the area under the product of f(¢) and
z(t) and denoted by (f, z).

® energy of a signal is the inner product of a signal with itself, for instant (z, z).
® The E. is minimum if the signals f(t) and z(t) are orthogonal over the interval [¢1, 2]
® The real signals f(t) and z(t) to be orthogonal over the interval [t1, 2] if

ta

At)a(t)dt =0

ty
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Signals and Vectors

Component of a Signal: example

For the square signal f(t) shown in Fig. below find the component in f(t) of the form sin¢. In

other words, approximate f(t) in terms of sin .
f(t) ~ asint, 0<t<2rm

Find a that minimize the energy of the error

ft .
- signal.
1
. 27
z(t) =sint and E, = / sin?()dt = m
" 0
0 | S| 27 t 1 27
N o= — f(t) sin tdt
" T Jo
1 N ; - a 1 T 27 4
= — [/ sin t dt-l-/ —sint dt:| = -
K 0 T m
Thus
4
f(t) ~ —sint
g

represents the best approximation of f(t) by the function sin ¢, which will minimize the error

energy.
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Signal representation by Orthogonal Signal Set

Orthogonal Vector Space

3Tz
i,
N
‘\
. f~aiz + azzs
\\
\
\\ . . . . .
The error e in this approximation is
i
aoTn
_ e=f—(a1m + azz2)
N
N e o f=a1x1 +asxe + €
\\\ l"
aray . e
. .
R We can observer that the error vector is
----------- ’ orthogonal to both the vector z; and zo

iz + a1
® if we approximate f with three mutually orthogonal vector: z;, x2, and z3
® the vectors z1, x2, and x3 represent a complete set of orthogonal vectors in
three-dimensional space.

- T 1 3
4 ai:f z :—2f~:ci,z:1,2,3
zi-xp @
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Signal representation by Orthogonal Signal Set

Orthogonal Signal Space

Define orthogonality of a real signal set z1(t), z2(t), - - -, zn(t) over interval [t1, 2] as
to 0
/ mm(t)xn(t)dt:{ , m#n
4 E, m=n

If the energies E,, = 1 for all n, then the set is normalized and is called an orthonormal set.
An orthogonal set can always be normalized by dividing z,(t) by v/Ey for all n.

® The approximation of the signal f(¢) over the interval [t1, t2] is a set of N real,
mutually orthogonal signals z1(t), z2(%), ..., zn(t) as

f(t) = oq @y (1) + azme(t) + - - - + anzn(t)

N
= Z anzn(t)
n=1

® The error e(t) in the approximation is

N
e(t) = ft) = Y anaa(t)
n=1
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Signal representation by Orthogonal Signal Set

Orthogonal Signal Space

The error signal e(t) is minimized if we choose

ta
(OEOT .
an="0 = [T fmdt n=1,2,...,N

t2 E,
2 () dt noh
ty

The error signal energy E. is given by
to N
Ee= | f(Hdt—Y alE,
t1 n=1

The error energy E. generally decreases as N is increased because the term azEk is
nonnegative.

f(t) = ()41331(25) + Otzib‘z(t) +---+ Oénxn(t) + -
= anma(t)  h<t<t
n=1
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Signal representation by Orthogonal Signal Set

Orthogonal Signal Space

® The series on the right-hand side is called the generalized Fourier series of f(t) with
respect to the set {z,(t)}

the error energy E. — 0 as N — oo for every member of some particular class.

® We call that the set {z,(t)} is complete on [t1, t2] for that class of f(¢) and the set
{zn(t)} is called a set of basis functions or basis signals.
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Trigonometric Fourier Series

Consider a signal set:

{1, coswot, cos 2wt, . . ., cos nwpt, . .. ; sinwgt,sin 2wet, ..., sin nwot, ...}

® A sinusoid of frequency nwyq is called the nth harmonic of the sinusoid of frequency wq
when n is an integer.

® In this set the sinusoid of frequency wg, called the fundamental.

® This set is orthogonal over any interval of duration Ty = 27 /wp, which is the period of
the fundamental.

® we can show that

0 n#m
/ cos nwotcos mwotdt = { 7. 7
Ty 5 m=n#0

0 n#m
/ sin nwg tsin mwg tdt = T7 7
Ty o, n=m#0

/ sin nwgtcos mwotdt = 0 Vn and m
To
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Trigonometric Fourier Series

We can express a signal f(t) by a trigonometric Fourier series over any interval of duration Ty
seconds as

oo
f(t):ao+2(an005mdot+ by sin nwot) , th <t <t + To,

n=1

where wo = 27/ Tp. Using the orthogonality of signal we can determine the Fourier
coefficients ag, an and b, as

t1+To
/ f(t) cos nwo tdt
t

t1+To 5
/ cos” nwo tdt
ty

Qp =

In denominator, the integrand is T/2 when n # 0 (with m = n). For n = 0 the denominator
is Tp. Hence

1 t1+To 2 t1+To
ap = — f(t)dt, ap = — S(t) cos nwo tdt, n=1,2,3,...
To Juy To Ji,
2 t1+To
bp = — f(t) sin nwo tdt, n=1,2,3,...
To J4y
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Trigonometric Fourier Series

Compact Series

Since in each frequency, we have
an cos nwot + by sin nwot = C, cos(nwot + 0r),

where

Cp = y/a2 + b2
—by,

6, = tan—t ( )
an

We denote the dc term ag by Cy, that is

Co = ag

The compact form of the trigonometric Fourier series is

o0
f(t) = Co+ Y Cncos(nwot+0,), t<t<t+To

n=1
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Fourier Series

Example |

Y
~

-2 -

Find the compact trigonometric Fourier series for the exponential e~ /2
interval 0 < ¢t < 7.

Since Ty = =, then the fundamental frequency is wy = % = 2. Therefore

over the shaded

f(t) = ao + Z (an cos2nt + by sin 2nt) , 0<t<m

n=1
1 us
ap = 7/ e /24t = 0.504
T Jo
2 [T 2
an = = / e /2 cos 2ntdt = 0.504 [ ————
7w Jo 1+ 16n2
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Fourier Series

Example | cont.

2 7 8
by = —/ e~ t/2 sin 2ntdt = 0.504 (7")
= Jo 1+ 1602

Therefore

f(t) = 0.504

oo
2
1+nz_:11+16n2(0052nt+4nsin2nt):| , 0<t<m

We can find the compact Fourier series as follow:
Co = ap = 0.504

4 64n2 2
Cp = /a2 + b2 = 0.504 =0.504 | e
nTveT \/(1 F16m2)2 T 1+ 1672)? (\/1 ¥ 16n2)

—b
0, = tan™! ( n) =tan"!(—4n) = —tan"l4n
Gn,
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Fourier Series

Example | cont.

n 0 1 2 3 4 5 6 7
Cn  0.504 0.244 0.125 0.084 0.063 0.0504 0.042 0.036
On 0 —75.96 —82.87 —85.24 —86.42 —87.14 —87.61 —87.95
0.504
: 0.244
© T 0.125
| ? hd L] (] >
| 2 4 6 8 10 w
4 T ﬁ[ ]ﬂ 5[ LN
—/2 {
<19/32 p ©
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Fourier Series

Periodicity

The trigonometric Fourier series is a periodic function of period T (the period of the
fundamental). Let us denote the trigonometric Fourier series by ¢(t). Therefore

p(t) = Co + Z Ch, cos(nwot + 0r), Vi

n=1

and

@(t+ To) = Co+ »_ Cncos[nwo(t+ To) + 0r]

n=1

= Cp + Z Ch, cos[(nwot 4 2nm) + 6]

n=1

oo
= Cp+ Z Chp cos(nwot + 0p)

n=1

= (1) Vi
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Fourier Series
Periodicity

- - - - > t
—27 —T 0 ™ 2m

® (1), the Fourier series of f(t), is a periodic function in which the segment of f(t) over
the interval (0 < t < ) repeats periodically every 7 seconds.

® The function f(t) and its Fourier series ¢(t) is equal only over that interval of T
seconds. Outside this interval, the Fourier series repeats periodically with period T(.
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Fourier Series

Periodicity

® |If the function f(t) were itself to be periodic with period Tp, then a Fourier series
representing f(t) over an interval T will also represent f(t) for all ¢.

® The periodic signal f(t) can be generated by a periodic repetition of any of its segment
of duration Tj.

® The trigonometric Fourier series representing a segment of f(¢) of duration Ty starting
at any instant represents f(t) for all ¢.

® The Fourier coefficients of a series representing a periodic signal f(t) can be expressed

as

[ oy

ap = —
To J,
2

an = — f(t) cos nwo tdt, n=1,2,3,...
To J1,
2 .

by = — f(t) sin nwo tdt, n=1,2,3,...
To J1,
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Fourier Series

Example: periodic

—oT T 0 T oT

We have gg = 0 (the average is zero.) Also

9 T/2 T

an = — / 1 - cos nwntdt + (—1) cos nwptdt| =0
T 1Jo T/2
9 T/2 T 0,

by = — / 1 - sin nwotdt + (1) sinnwotdt| = ¢ even
T |Jo T/2 “-, oddn
= 4

t) = ——  sin(2k — 1 t

z(t) ; k= D)r sin( Jwo
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Fourier Series

Fourier Spectrum

® The compact trigonometric Fourier series indicates that a periodic signal f(¢) can be
experessed as a sum of sinusoids of frequencies 0 (dc), wop, 2wg, - -, Two, - -, whose
amplitudes are Cy, Cq, Ca, ---, Cy, ---, and whose phase are 0, 61, 02, -+, Oy, -+
respectively.

® The plot amplitude C), vs. w is called an amplitude spectrum.
® The plot phase 6, vs. w is called a phase spectrum.
® Both plots are called the frequency spectra of f(t).

® Knowing the frequency spectra, we can reconstruct or synthesize ¢(t) as

f(t) = 0.504 + 0.244 cos(2t — 75.96°) + 0.125 cos(4t — 82.87°)
0.084 cos(6t — 85.24°) + 0.063 cos(8t — 86.42°) + - - - 0<t<m

® From the Example I, we have the time-domain description of ©(t) and the
frequency-domain description (Fourier spectra) of ¢(t).
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Fourier Series

Existence of the Fourier Series: Dirichlet Conditions

There are two basic conditions for the existence of the Fourier series

1. For the series to exist, the coefficients ay, an, and b, must be finite. It follows that
the existence of these coefficients is guaranteed if f(t) is absolutely integrable over one
period; that is

[ ol < o
To

This condidtion is known as the weak Dirichlet condition. If a function f(¢) satisfies
this condition the existence of a Fourier series is guaranteed, but the series may not
converge at every point.

2. The function f(t) have only a finite number of maxima and minima in pone period, and
only a finite number of finite discontinuities in one period. This tow conditions are
known as the strong Dirichlet conditions. All periodic waveform that can be generated
in a laboratory satisfies strong Dirichlet conditions, and hence possesses a convergent
Fourier series.
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Fourier Series

Example I11

Find the compact trigonometric Fourier series for the periodic square wave f(t) and sketch its
amplitude and phase spectra.

Solution In this case the period Ty = 2. Hence

21
wop=—=1m
0T

o0
ft) = ao + Z an cos nrt + by, sin nrrt,

n=1
2At, <1
ft) = {2A I1| 2< 3
1-1 L<t<d
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Fourier Series

Example I11

The average value (dc) of f(t) is zero, so that ag = 0.

2 3/2
an = — / f(t) cos nmtdt
2J-1/2

1/2 3/2
= / 2Atcos nrtdt + 2A(1 — t) cos nrtdt = 0
—1/2 1/2

1/2 3/2
bp = / 2Atsin nwtdt + / 2A(1 — t) sin nwtdt
—1/2 1/2

0, n even
8A . nm sA
:WSHI(Q): n=1,5913, -

n2xw2?

-84, n=3,7,11,15, -

Therefore

IO it — ©sindmi4 — sinbrt — — sin Tt +
= —(— |SIn7tl— — SIN o7 — SINO7TL — — SIN (7
= 9 25 19
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Fourier Series

Example I11

In order to plot Fourier spectra, the series must be converted into compact form as:

8A 1 1 1
f(t) = — |cos(mt — 90°) + = cos(3wt+ 90°) + — cos(5bmt — 90°) + — cos(7Tnt+ 90° + - -
w2 9 25 49

84

2

34 84
T97r2 2572
(] P . w 7r 5m 9 w
3m

5m K 9

C,

3

|

Wl 0,
Pe—
w

3
Pe—
-

3
Pe—
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Fourier Series

Symmetry property

For the symmetry (even or odd), the information of one period of f(t) is implicit in only half
the period. For this reason, the Fourier coefficients in these cases can be computed by
integrating over only half the period rather than a complete period. To prove this, recall that

1 To/2 2 To/2 2 To/2
fiY)ydt, an= f(t) cos nwotdt, by, = S(t) sin nwo tdt

apg = —_—
To J—Ty/2

To J-1y/2 To J—Ty/2
Since cos nwgt is an even function and sin nwot is an odd function of ¢. If f(t) is an even
function of ¢, then f(t) cos nwpt is also an even function and f(¢) sin nwpt is an odd function
of t. Therefore

2 To/2 4 To/2

ap = — fyydt, an=— f(t) cos nwotdt, b, =0
To 0 TO 0

If f(t) is an odd function of ¢, then f(t) cos nwot is an odd function of ¢ and f(¢) sin nwgt is an
even function of ¢. Therefore

4 To/2

= — S(¢) sin nwo tdt
To Jo

a =anp=0, by
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Fourier Series

Symmetry property: example

Find the Fourier series of the signal z(t)

Solution: In this case Tp = 1 and z(t) is an even function. Then

2 1/2
aOZ—/ (1—4t)dt=0
To Jo

4 [1/2 4
an = — (1 —4t) cos 2nmtdt = —— (1 — cos nr)
7o Jo n2m2
0, n even
= 8 , b =0
——, mnodd "
n?m

8 1 1
x(t) = = |:cos 27t + ) cos 67t + % cos 10wt + - - -
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Fourier Series

Symmetry property: example Maxima

We could code Maxima as follow:

(declare(n,integer), assume(n>0),facts());

a0: integrate((1-4xx),x,0,1/2)*2 ;

/* T_0 =1 %/

an: integrate((1-4#*x)*cos(2*n*)pi*x),x,0,1/2)%4;
define(a(n),an);

an_list: map('a,[1,2,3,4,5,6]);

We get the coefficient of 1, 3,5 harmonics as

|:8 8 8 j|
w2’ 92’ 2572
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