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State-Space System Representation

The modeling system is written in the form:

& = Az + Bu (1)
y=Cz+ Du (2)

The matrices A € R™*™ and B € R™*™ are properties of the system.
The output equation matrices C € R™*™ and D € R™*" are
determined by the particular choice of output variables.
e System order n and selection of a set of state variables from the
linear graph.
e Generation of a set of state equations and the system A and B
matrices.
e Determination of a suitable set of output equation and derivation

of the appropriate C' and D.
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Simple RLC example

@) ¢ L Va(t)

e There are 6 possible variables : i.,v., i1, vr,%Rr, VR and iy
e There are 3 constitute relations:

dvc_i, 1L 1 1

— = —=ic, — ==V, IR= =V
a ¢ a L "TRF"
Using a continuity equation and two compatibility equations

ic =1ir —iL, VL =vc, vVRr=Vs—uc
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Simple RLC example

We have

dvo 1 1. 1
ot~ RCCT e T Re"

dip, _ 1
a L

[=1/RC —1/C  M/RC
a1 T =

If the variables ig, v, vy and ic are of interest as output variables:

) 1 1

ZR:—EUC‘FEV% vR = —vc + Vs
. 1 . 1

v = U0, Zcz—ﬁvc—ZLJrRVs
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Simple RLC example

So if the output vector is defined to be
. . T
Y= [ZR VR UL ZC]

The C and D matrices are

~1/R 0 1/R
-1 0 1
=11 ol P10
~1/R -1 1/R
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Linear Graph

cutset

cutset is a set of branches in a graph, which when cut off, will divide
the graph into two disconnected pieces.
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Linear Graph

basic cutset

Figure: three possible basic cutsets

¢ basic cutset is the cutset that contains only one tree branch and
several co-tree links.

¢ the continuity equations are corresponding to the basic cutsets are
independent.
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Linear Graph

basic loopset

2
?
)

Figure: three possible basic loopsets

¢ basic loopset is a loop that contains only one co-tree link and
several tree branches.

e the compatibility equations are corresponding to the basic loopsets
are independent.
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Linear Graph

Identify the particular tree

A normal tree for a connected system graph is formed by the following

steps:

1.

Draw the system graph nodes.

2. The tree should include all effort sources as tree branches.
3.
4

. The tree should include a maximum possible number of resistor

The tree should include a maximum number of capacitors elements.

elements.

The tree may then include the necessary number of inductor
elements to complete the tree.
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Linear Graph

Derivation of differential equations

e if the variable is a capacitor element voltage, identify the basic
cutset containing that capacitor element voltage. The differential
equation is given by the continuity equation for that basic cutset.

e if the variable is an inductor element current, identify the basic
loop containing that inductor element current. The compatibility
equation for that basic loop will yield the desired differential
equation.

e Select the state variables as effort variables on capacitor energy
storage elements in the normal tree branches, and flow variables on
inductor energy storage elements in the links.
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Linear Graph

Example

The continuity equation

iy — e —ig =0
dvc, 1

g~ i)
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Linear Graph

Example

First i, = i1, which is a state variable. And iy can be expressed as
follows:

ia = va/R1
The basic loop that involves R; (loop cafd)

Vg = Ve — Vg +Vf = vo, — B+ vg,

Then
dve, 1 . Vg
TR
1 . 1 1 1

ol e - E
R T L e
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Linear Graph

Example

The continuity equation gives

if +ig+ie=0

which in turn gives,

d’UCQ_ 1 . .

g oyl )
_i U4 Ve _i _UCI—E—FUCQ_Q)CQ—E
_CQ Rl RQ _CQ R1 R2

1 L1, FENAT A
= —— _—— _— _— v _— _— _—
R T \R TR\ R, T R,
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Linear Graph

Example

1 3 The compatibility equation gives
e Vp -+ Ve — Vg = 0

0
which in turn gives,

di 1
Fab AR
1 1
= —Z'UCI + ZE
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Linear Graph

Mechanical System 1

by (a) linear graph

F(t) ——] m k1 by

b
A 2
ks

(b) normal tree
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Linear Graph

Mechanical System 1

the state variables are vy, (capacitor element of the branch) and Fy, (inductor element of
the link) and

% = %Fm, del = kyvg,, Fy, = bavy,
Vp, = %Fbl, Vg = é%
There are two compatibility equations:
Uk, = Vky — Uby, Vpy = Um
and three continuity equations:
Fy, = Fs(t) — F,, Fy, = Fy,, Fr = Fs(t) — Fp,

The result is
; _ba 0 1 0 .
{Zm] = Ky by {;m] + [fg} Fs(t)+ | & | Fs(®)
k1 T by (k1tk2) k1 k1+k2
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Linear Graph

Mechanical System 1

The result showing the dependence on the derivative of the input Fi(t). The output
equation for vy, is:

Vpy = aFkl

or in matrix form
w=o ][5 ]+ 0A0

The state variables may be transformed as & = A% + (AE + B)u or:

i _ b 0 I %
Ll} = o ki ko [531} * kik1 Fs(®)
) ok TR | LT2 by (k1 Th2)2

the corresponding output v, = C% 4+ (CE + D)u + Fu

k1
— T+ —— Fs(t
by b1 (k1 + k2) =
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Linear Graph

Mechanical System (In class work)

INC 693, 481 Dynamics System and Modelling:

ko by

o

my

(c) linear graph

(d) normal tree
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Linear Graph

Mechanical System (In class work)
At a basic cutset 1:

Ty + b, + ik ik, =0

cut set 2 dvml bl 1 I
= —— — 1L
dt mp " omy !
1
_ _Fk2
mi

At a basic cutset 2:

imy —ip, —ip, =0
vy, 1

1
— P, +—F
dt mo ke F my
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Linear Graph

Mechanical System (In class work)

At a basic loop set 1:

Ukl = Uml
dF,
g = Fom

At a basic loop set 2:

—Umy + Vky + Uy + Uy =0

1 dF, 1
oy + — =By + Uy = 0
vl+k2 a +b2 by T Ums
Fy, = Fy,
dFy ko
dtz = _EFkQ - kZUmz + kQUml
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Linear Graph

Mechanical System (In class work)

The state-space system is

-Uml- r ,,?Tll 0 _le _le_ Umy 0

1 1
U _ 0 0 0 o Uy N e 7
Fy, k0 0 0 Fy, 0
Pl Lk —ke 0 2] [F,] L[0]
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Linear Graph

Mechanical System (In class work)

0 0

(a) Nonlinear

dul (b) Linear graph (c) Normal graph
pendulum

The state-space variables are 7, wy. By continuity equation, we have

e+ i+ 1y = 1s = T+ 1+ T =T
de dWJ b 1 1
oy + T~ o B P LT
Th kbW Jmg = a g TR g
Note: wjy = wy
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Linear Graph

Mechanical System (In class work)

The compatibility equation in the basic loop containing 7, we have
Vp =10g = W = WjJ

Since 7, = mglsin 0 then

dry dby
5 = mgl cos 6 T (mgl cos 0)wy

The nonlinear state-space equation is

) b 1 1
Wy = —j(UJ — ka + st

T = (mgl cos 0wy
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Linear Graph

Fluid System (In class work)

—
o

~—r =7 +kch

long pipe: |
orifice\ Qs(t) iz
1 Ry
| .
(a) Fluid distribution (b) Linear graph
system
IR
1.7 2

) \‘\ R\l\\ Ry

(c) Normal graph
«28/28 > @
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Linear Graph

Fluid System (In class work)

The fluid flow through an orifice is @ = Co+/|AP|sgn(AP). The tank is shaped as the
frustum of a cone, therefore has a volume which is a nonlinear functin of the height of the
fluid in the tank.

h h h
V= / nr2dh = / 7(r1 4+ kch)?dh = / 7 (r} + 2rikch + k:h?) dh
0 0 0
h h3
= / 7 (r} + 2rikch + kEh*)dh = (rfh +rikch® + k%?)
0

For an open tank the pressure at the base is Pc = pgh, then

r? mrikc k2
V=—1pP;+ P2+ C_p3
pg (pg)2 " C " 3(pg)® ¢
K. K
= Kty Po + —L P2 + =2p3
2 3
where
2 2nr1 k k2
Kt() = m’ Ktl = 1 2C, an il C3
pg (r9) (p9)
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Linear Graph

Fluid System (In class work)

There are two state-space variables, @Q; and P.. The continuity equation around node 1 is
iQ, —ir, —ic—u=0 = Qs—Qr —Qc—Q =0

Since Pr, = Pc and

av dP¢c 91 dPc
ek =0—= =[K Ky, P K, Po| ——
i Qc a [ to + Kty Po + Ki, c] gt
QRl =K IPR1|Sgn(PR1)7

Pr, = Pc

dPc 1

dt Kto + Kt1PC + KtQPC

; } [Q: — K1/[Pelsgn(Pe) - Q1]

Kiy + Kty Po + K, P2,
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Linear Graph

Fluid System (In class work)

d
The compatibility is P, = Po — Pgr, and P, = lﬁ then

dt
1,dQ; 1
dt :PC_PR27 PRQZK_gQR2|QR2|a QRQZQZ
a0, 1

1
@I [PC - K—QQQI|QZ|]

The nonlinear state-space equation is

dQ; 1 1
L
it I [ ¢ Kng‘Q”]
dPC 1
= S_K P P [—
dt [Kt0+Kt1Pc+Kt2pgl Qs — Kuv/[Felsen(Pe) - Qi
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