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Optimization

Introduction

» Optimization is the problem of determining a set of parameters that minimize or
minimize a given function.

» Finding the minimum of a smooth function J : R™ — R. We wish to find a point
z* € R™ such that J(z*) < J(z) for all z € R™. A necessary condition for * to be a
minimum is that the gradient of the function be zero at x*:

aJ
2o (@) =0.
G

> In control system, J(z) is often called a cost function and z* is the optimal value for .

J(z) A

(
<
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Optimization

Variations

» The function J(z) has a local minimum at z* if and only if
J(z* 4 éz) > J(z*), Véx sufficiently small.
> It is equivalent to
AJ(z*,0z) = J(z* + dz) — J(z*) > 0, Vox sufficiently small.
» Using a Taylor series arond the point x*, the optimality condition can be written

AJ(z*,6x) = J(z* + 6z) — J(z*)

2
=J(z*) + Q(w*)éw + 8—J(m*)5x2 + HOT —J(@=*) >0
Oz Ox?
2
= y(x*)&t + a—J(z*)émz + HO.T >0.
oz Oz

Here dzx is called the variation of =, and the term in the increment that is linear in dx
is called the variation of J and is denoted §J(x*, dz).
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Optimization

Variations

» A necessary condition for x* to be a local minimum is as follows:

%(m*) =0 Vox.
> Consider J(x) = 22 + 6 + 8, we have

AJ(z,0z) = (z + 6x)2 + 6(x + 6z) + 8 — (x® + 62 + 8)
= (2 + 6)dx + a2

The necessary condition for x to be minimum is that the variation of J(x) equals zero:

8—J(w*) = (22" +6)dz =0
ox

2z +6=0 = z* = -3.
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Optimization

Lagrange Multipliers

» the problem is more complicated if constraints are present.

> Let G; : R" - R,i=1,...,k be a set of smooth functions with G;(z) =0
representing the constrains.

2

S.T. Gi(x):(), izl,...,k

> This situation can be visualized as constraining the point to a surface (defined by the
constraints) and searching for the minimum of the cost function along this surface.

» The necessary condition for being at a minimum is that there are no directions tangent
to the constraints that also decrease the cost.

» The tangent directions to the surface can be computed by considering small
perturbations of the constraint that remain on the surface:

0G; 0G;
Gi(z 4 6z) = Gi(z) + —(2)dz =0 = 2
Ox Ox

(z)dxz =0,

where §z € R™ is a vanishingly small perturbation.
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Optimization

Lagrange Multipliers

> |t follows that the normal directions to the surface are spanned by 9G;/0z, since these
are precisely the vectors that annihilate an admissible tangent vector dx.

» Using this characterization of the tangent and normal vectors to the constraint, a
necessary condition for optimization is that the gradient of J is spanned by vectors that
are nomal to the constraints, so that the only directions that increase the cost violate
the constraints. We thus require that there exist scalars A\;, ¢ = 1,...,k such that

0T ., 0G;
a(zngx,am(z)_o.

or in matrix form

oJ + )\T8£

ax) aw(x)zo

> Defining J(z,\) = J(z) + ATG(x), the necessary condition becomes

aJ, .
a(x )=0
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Optimization

Lagrange Multipliers
The cost function and the constraint are

J(m,y):x2+y2; G(z,y) =2x+y+4=0.
The augmented cost function is

J(z,y,N) = 2% + 9> + X2z +y +4)

8J

— =2z +2\* =0
oz vt

8J

T 2t A =0
oy v+
a—j—Qx*—i— *+4=0
o yoras

Solving for the values of z*,y* and A, yields

z* —1.6
y*| = [-0.8
A* 1.6
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Optimal Control

Introduction

Suppose the plant is described by the nonlinear time-varying dynamical equation
i(t) = f(z,u, 1),

which state z(t) € R™ and control input u(t) € R™. The performance index is

T
J(z,u,t) :/t L(z(t),u(t), t)dt + V(x(T),T),

where [to, T is the time interval of interest.

optimal control problem

The optimal control problem is to find the input w*(t) on the time interval [to, 7] that drives
the plant along with the trajectory z*(t) such that the cost function is minimized, and such
that

P(@(T),T) =0

for a given function 1) € RP.
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Optimal Control

Introduction

Using Lagrange multipliers to adjoint the constraints to performance the cost function.
> X(t) € R™ for time function constraint.
> v € RP for the final value constraint.

The augmented performance index is thus
J(@(-),u(); AC), v () = V(@(T),T) + v" ¢ ((T), T)
+ /OT (L@, u,t) + AT (f(,u,t) — )] dt
Define the Hamiltonian function as
H(z,u,t) = L(z,u,t) + AT f(z,u, t),

Then

T
J = V(@(T),T) + vT9((T),T) + /O [H(:v,u,t) - ,\T;'z] dt.
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Optimal Control

Introduction

Linearize the cost function around the optimal solution x(t) = z*(t) + dz(¢),

u(t) = u*(t) + du(t), A(t) = A*(t) + dA(t) and v = v* + v, then the incremental cost can
be written as

8J = J(@* + 6z, u* + u, \* + 6\, v* + 6v) — J(z*,u*, N, v*)

~/ (—6 + a—au AT5d + (%I - ﬂbT) JA) dt

v

+a—5( )+ §z(T)+5V Y(x(T),T)+ H.O.T.

where (t) is omitted and all derivatives are evaluated along the optimal solution. We can
eliminate the dependence on &% using integration by parts:

T T
- / AT sidt = — AT (T)8a(T) + AT (0)62(0) + / AT szdt.
0 0
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Optimal Control

Introduction

Since 2(0) = xo, the second term vanishes and substituting this into &.J yields

AJN/ K +>\T)5 +%j5+(%§ T)(S)\]dt
n (%‘;Jr T?" AT(T)) 82(T) + 6Ty (a(T), T).

To be optimal, we need AJ = 0 for all 5z, Su, 5)\ and dv, and we obtain the local conditions
in the next theorem.

For the general case, consider a nonlinear system

(i‘:f(lf,u,t), 17(0):1?0

We wish to minimize a cost function J with terminal constraints:

T
= [ L tdtr V), ) -
0
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Optimal Control

Introduction

The Hamiltonian is then

H(z,u,t) = L(z,u,t) + AT f(2,u,1)

A set of necessary conditions for a solution to be optimal was derived by Pontryagin.

Theorem (Maximum Principle)

If (z*,u*) is optimal, then there exists \*(t) € R™ and v* € RY such that

O0H . O0H
"i:—’ _)\z: s = s T)) =
8= o8 o sO=z  YaT)=0

XT) = Z—:(x(T)) + VT%)

H(z*(t),u™ (), A" (¢)) < H(z*(t),u(t),A\"(¢)) V veN

The necessary condition for the optimal (control) input is

OH
ou
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Optimal Control

Example: Scalar linear system

A system & = ax + bu, where x € R is a state , u € R is an input, the initial state

z(to) = zo and a,b € R are positive constants. We wish to find a trajectory (z(t),u(t)) that
minimizes the cost function

tf 2 1 2
J= 7/ W0t + Ser? (i),

to
where the terminal time ¢ is given and ¢ > 0 is a constant. Here

1 1
L= §u2(t) V= Eczz(tf)

The Hamiltonian is

1
H=L+)\f:§u2+)\(az+bu),

: OH oV
=2 o Atf) = — = ca(ty).
o ak, (tr) B cx(ty)
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Optimal Control

Example: Scalar linear system

This is a final value problem for a linear differential equation in A and the solution is
A(t) = ca(tp)etsr =0,
The optimal control is given by

o
ou

=u4+bA=0 = w*(t) = —bA(t) = —bex(t)ettsr =1,
Substituting this control input into the dynamics system yields a first-order ODE in z:
& =ax — b2cr(tf)ea(tf_t).
z*(t) = z(tg)er(tt0) -l— x *(ty) [e“(tf*t) — e“(t”f*%f’)] .

Setting t =ty and solving for z(ts) gives

2ae(tr —t0) (1)
2a — b%c (1 — eQa(tf’tf’))
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Optimal Control

Example: Scalar linear system

and finally we can write

2abce®ts —t0=t) g (1)
20— b2 (1= e2(tr =)

u*(t) = —

b2cetr—t0) z(tg)

2*(t) = z(to)et(t—to) 4
@ (fo) 2a — b2c (1 - eza(tf—t‘)))

[ea(tfft) _ ea(t+tf72to)i| }

Setting t = t; and taking the limit we find that

- _
Clglgox (ty) =0.
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Optimal Control

Example: Temperature Control

It is desired to heat a room using the least possible energy. If 6(t) is the temperature in the
room, 6, = 60° is the ambient air temperature, and u(¢) is the rate of heat supply to the
room, then the dynamics equation is

6 = —a(0 —0,) + bu.
By defining the state as z(t) £ 6(t) — 0, and the state equation is

T = —ax + bu.

To control the temperature on the fixed time interval [0, T] with the least possible supplied
energy, define the performance index as

The Hamiltonian is

u?
H= - + A(—ax + bu).

Lecture inear Quadratic Optimal Control <16/38 »



Optimal Control

Example: Temperature Control

We have
= O _ +0b
T = = ar U,
. OH
A= —— =al,
ox N
Oza—H:u—i-b)\.
ou

Then the optimal control is given by u(t) = —bA(t). To determine u*(t) we need only find
the optimal costate A\*(t). Substituting the control input back to the state-costate equations

&= —ax — b2\, A= a\(t)
The solution of A(t) is A(t) = e=*(T=t) \(T'). Using the solution yields

&= —azx — BA(T)e~¢T—1),
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Optimal Control

Example: Temperature Control

Using Laplace transform to solve this gives

2 e—aT
sX(s) —z(0) = —aX(s) — %
_ x(0) _ b2\(T)e—oT
X(S)_S-I-a (s+a)(s—a)
_z(0) b Car (172 1/2
T s+4a aA(T)e (s+a+s—a)
so that
b2
z(t) = z(0)e " — ;)\(T)e_aT sinh(at).

Both z(t) and A(¢) give the optimal costate A\*(¢) and state z*(¢) in terms of the unknown
final costate A\(T"). Suppose z(0) = 0° and the control objective is to drive the final
temperature 6(T) exactly to 70° at the final time of T seconds. The final state is required to
take on the fixed value of z(T") = 10°.
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Optimal Control

Example: Temperature Control

To find A(T), we have

2
z(T) = z(0)e~ T — ;—)\(T)(l — e~ 2aTy,
a
Since z(0) = 0° and z(T") = 10°, the final costate is

—20a 10ae®
AT) = -0 IR )
(1) = 2@ = e—zary an ®) = ~ 32 sinh(aT)

Finally, the optimal rate of heat supply to the room is given by

10ae®t
(t) = —bA*(t) = —————, 0<t<T.
ur(t) ® bsinh(aT") -~
Solving for the state trajectory yields
inh(at
2 (t) = 10 51B(e0). «*(T) = 10°
sinh(aT)
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Deterministic Linear Quadratic Regulation (LQR)

The plant to be controlled in state space model is

& = Az + Bu
y = Cuz(t), z=Gx+ Hu

u(t) >
Controller > Process

» y(t) is the measured output

» z(t) is the controlled output. Sometimes z(t) = y(t) but mostly
T
not, e.g. 2(t) = [y(t) y(t)}
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Optimal Regulation

> The LQR problem is to find the control input u(t),t € [0, 00) that makes the following
criterion as small as possible:

oo
Jiqr, = /0 12112 + pllu(e)|2de,

where p is a positive constant.
> The term

/ NEOIR
(0]

corresponds to the energy of the controlled output, and the term

/ )] ?de
0

corresponds to the energy of the control signal.

> Here p is a penalty factor to the control input wu(t).

Lecture inear Quadratic Optimal Control <21/38 »



Optimal Regulation

» the more general cost function is
e — —
Siaws = [ ST (0Q=(0) + pu” (O Ru(t),
0

where Q and R are symmetric positive-definite matrices. and p is a positive constant.

» the most general form for a quadratic cost function is
oo
TR = / 2T ($)Qa(t) + uT (8) Ru(t) + 227 (£) Nu(t)dt
0
» Since z = Gz + Hu, it is not hard to see that for JgR,
Q=a67aq, R=HTH + pI, N=GTH
and for J qr,

Q=G6TQa, R=HTQH + pR, N =GTQH.
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Feedback Invariants

Given a continuous-time LTI system (AB-CLTI)
T = Az + Bu, z € R*, u e R*,
we say that a function
H(z (), u(-))

is feedback invariant for the system if its value depends only on the initial condition x(0) and
not the specific input signal ().

Feedback invariant

For every symmetric matrix P, the functional

H(z(-),u(-)) = — /Oo<> (Az(t) + Bu(t))T Pz(t) + T (t) P (Ax(t) + Bu(t)) dt

is a feedback invariant for the system (AB-CLTI), as long as lim¢— 0 z(t) = 0.
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Feedback Invariants

» Proof: We can rewrite H as

H(z(),u(")) = — /Ooo T (t)Pz(t) + =T (t) Pi(t)dt

__ / = dTOPLW) by T (0) pa(o) — lim 2T () Pa(t)
0 dt t— o0

= z7(0)Pz(0),

as long as lim¢ 00 z(t) = 0.

> lim;—y o0 x(t) = 0 simply mean the system is stable.
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Feedback Invariants in Optimal Control

> a cost function J is minimized by an appropriate choice of the input u(-) in the form
[e.@)
J=HeOu0) + [ L), )
0

where H is a feedback invariant and the function L(xz,u) has the property that for
every z € R"

min L(z,u) =0
u€ERK

» In control system, the optimal control input
u*(t) = arg min L(z,u),
u€ERF

minimizes the criterion J, and the optimal value of J is equal to the feedback invariant

J = H(z(),u" ().
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Optimal State Feedback

The LQR criterion
Jigr = / =T (#)Qx(t) + uT () Ru(t) + 22T (t) Nu(t)dt
0
By adding and subtracting the feedback invariant to the LQR criterion, we have
(oo}
JLQr = / :CTQ:c + uT Ru + 22T Nudt
0
oo
= H(z(-),u(-)) + / 27 Qx + u” Ru+ 227 Nu + (Az + Bu)? Pz + o7 P(Ax + Bu)dt
0
oo
— H(z(), u() + / 2T(ATP + PA + Q)+ uT Ru + 2uT (BT P + NT)adt
0
By completing the square, we have
(u+ Ka)TR(u+ Kz) = uT Ru+ 2T (PB+ N)R™Y(PB + N)T2 + 2uT (PB + N)Tx,

where K := R~Y(PB + N)T and P is a symmetric matrix.
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Optimal State Feedback

We conclude that

Jigr = H(z(-),u(-)) + /Ooo 2T(ATP+ PA+Q— (PB+N)R"YPB+ N)T)z

+ (u+ Ko)T R(u + Kz)dt.

> If we are able to select the matrix P so that, the Riccati equation,
ATP+PA+Q— (PB+N)R™Y(PB+N)T =0,
we have
L(z,u) := (u+ Kz)T R(u + Kz),
which has a minimum equal to zero for

u=—Kz, K: =R Y(PB+N)T,
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Optimal State Feedback

» leading to the closed-loop system

&= (A — BRYPB+ N)T) z.

Assume that there exists a symmetric solution P to the algebraic Riccati equation for which
A — BR™Y(PB+ N)7T is a stability matrix. Then the feedback law

u(t) == —Kz(t), Vt>0, K:=RY(PB+N)T

minimizes the LQR criterion and leads to

o0
Jigr == / z7Qx + uT Ru + 227 Nu dt = 27 (0) Pz(0).
0
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Optimal State Feedback

Example: a double integrator

Consider a double integrator system

=[5 o=+ [l

with quadratic cost given by

Then the Riccati equation becomes

[—b2+q2 a—bd}:[O 0}:”3:[ &

Qe

a—bd 2b—d2 0 0 2}
q
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Optimal State Feedback

Example: a double integrator

The controller is given by

K=R'BTP=[L /2],
q q

The feedback law minimizing the given cost function is then u = —K=z.
The closed-loop matrix is then

0 1

A = A= BK= [—l/q - 2/11}'

The characteristic polynomial of the matrix is

2. 1
N4+ [ Ea+==0.
a q

Comparing this to A2 + 2Cwo) + wg, we have a good tradeoff between rise time and
overshoot:

1
wo =+/1/q, (= E = 0.707.



Optimal State Feedback

Choosing LQR weights

To select the cost function weights @ and R, we must use the knowledge of the system we
are controlling. The simplest method is to use diagonal weights

0 dn 0 Pn
The individual weights for the (diagonal) elements of the Q and R matrix can be selected as
follow:

choose g; and p; as the inverse of the square of the maximum value for the
corresponding x; or u;.

modify the elements to obtain a compromise among response time, damping and
control effort.
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Optimal State Feedback

LQR in MATLAB

The command [X,P,E] = 1qr(A,B,Q,R,N) solves the algebraic Riccati equation
ATP4+PA+Q—(PB+N)RYBTP+NT)=0
and computes the optimal state feedback matrix gain
K=RYBTP+nNT)
that minimizes the LQR criteria

oo
J= / xTQz + uTRu + 227 Nudt
0

for the continuous-time process
& = Ax + Bu.
This command also returns the poses E of the closed-loop system

@ = (A— BK)z.
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Optimal State Feedback with Reference inputs

Simple method

Suppose we have an equilibrium point (x4, u4) . The normal state spae control law to
include the nominal input:

u=ug— Kz —zq).
This allows the required input u = ug4 to be applied when x = x4 to achieved the equilibrium

point.

» to adjust the equilibrium point based on the reference r. We need to find x4 and ug4 as
a function of r as

0= Axzg + Buy
r=Cxq+ Dug

Since it is a linear equation, then we have
zg] _[A B]7'[0] [N
ug| ~ | D] [1]"T [Nu"
» Then u = —K(x — Ngr) + Nyr = —Kx + Nr, where N = Ny, + KN;.
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Optimal State Feedback with Reference inputs

Simple method

» The scalar N represents a feedforward gain. The closed loop system is

z=(A— BK)x+ BNr
y=(C—-DK)x+ DNr

where r represents the reference input and y is the output for the closed loop plant.

» This approach is not very robust and if the system model is not corrent then this
approach will generate steady state errors.

> One way to see this is that the resulting control law does not compare the actual
output to the reference output, and hence it cannot correct for errors in the output.
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Optimal State Feedback with Reference inputs

Integral action

An alternative way to achieving zero steady state error is to add integral action to a
state-space feedback controller. By augmenting the plant:

& = Ax + Bu
ti=e=r—Czx
y=Cz.

. . . T
This can be written in terms of the augmented state [m w.b] :

x| [A 0] [= n B uat 0 -
@] [-C 0] = 0 Il
We design a control law for the case where r = 0 to get state feedback and

u=—-[K K] ["’"_‘””d] + ug

k3

This method is more robust than the previous method. In fact, the controller will
automatically adjust the integrator state to provide sufficient input to hold the output at the
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LQR with Matlab

Matlab command to solve the algebraic Riccati equation
[K,P.E] = lar(A, B, Q, N)

The optimal state feedback matrix gain is

K=RYPB+N)T
that minimizes the LQR criteria

oo

J = / zTQz + uT Ru + 22T Nu dt
0
for the continuous-time process
& = Ax + Bu.

This command also returns the poles E of the closed-loop system

&= (A— BK)x.
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LQR Design Example

An Aricraft roll dynamics equation is
6=uw, W = —0.875w — 207, 7= —507 + 50u
Defining z := [0 w T]T, we write the state-space model as

& = Az + Bu, where

0 1 0 0
A= |0 -0.875 —-20|, B=1|0
0 0 -50 50

The controlled output was chosen to be z = [0 '70']T, which corresponds to

1 0 0 0
G = H = .
b oo -
Find a state-feedback gain K that the closed-loop system can be tracked a step input.
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