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1. Given a square, symmetric, and invertible matrix B ∈ R(n+1)×(n+1) that can be partitioned as

B =

[
A v
vT σ

]
express the inverse of the matrix B in terms of the inverse of the matrix A ∈ Rn×n.
Solution It is clear that A and σ are invertible. For the right inverse, we have

[
A v
vT σ

] [
X y
yT z

]
=

[
I 0
0 1

]
AX + vyT = I, Ay + vz = 0

vTX + σyT = 0, vT y + σz = 1.

Then,

y = −A−1vz

(σ − vTA−1v)z = 1

z = (σ − vTA−1v)−1

y = −A−1v(σ − vTA−1v)−1 = −1

k
A−1v, where k = 1/(σ − vTA−1v),

since A is symmetric AT = A

yT = −1

k
vTA−1

X = A−1 −A−1vyT = A−1 +
1

k
A−1vvTA−1

Finally, we obtain

B−1 =

[
A v
vT σ

]−1

=

A−1 + 1
kA

−1vvTA−1 − 1
kA

−1v

− 1
kv

TA−1 1
k


A more elegant way can be done as follow (A does not need to be symmetric.):[

A v
vT σ

]
=

[
I 0

vTA−1 1

] [
A 0
0 σ − vTA−1v

] [
I A−1v
0 1

]
This decomposition is easy to invert,A v

vT σ

−1

=

I A−1v

0 1

−1 A−1 0

0 (σ − vTA−1v)−1

 I 0

vTA−1 1

−1

=

I −A−1v

0 1

A−1 0

0 (σ − vTA−1v)−1

 I 0

−vTA−1 1



=

A−1 + 1
kA

−1vvTA−1 − 1
kA

−1v

− 1
kv

TA−1 1
k


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