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Objective

At the end of this chapter you should be able to:
» Describe, implement, and use 2nd-order Method
» Explain the pros and cons of the various 2nd-order methods.

» Understand Newton, Levenberg-Marquardt, DFP, BFGS
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Newton’s Method: one variable

» The function value and gradient can help to determine the direction to travel,
but it does not directly help to determine how far to step to reach a local
minimum.

» Second-order information allows us to make a quadratic approximation of the
objective function and approximate the right step size to reach a local minimum.

» As we have seen with a quadratic fit search, we can analytically obtain the
location where a quadratic approximation has a zero gradient. We can use that
location as the next iteration to approach a local minimum.

» The quadratic approximation about a point x; comes from the second-order
Taylor expansion (scalar case):

Fa +5) = flor) + £/ (or)s + 5575 (o)

if(a:k +38) =0+ f'(x) + sf’(z) =0,s = — I (@) , where s is the step size
ds I (zr)
Tpp1 = T — f'(@x)
I (k)
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Newton’s Method : One variable Example

Suppose we want to minimize the following single-variable function:

fl@)=(x—2)*+ 222 —dx+4, f(z)=4(z—2)3+ 4z — 4,
() =12(x —2)2 +4

with z¢ = 3, we can form the quadratic using the function value and the first and
second derivatives evaluated at the point.

J'(z1)
fr(zy)

J'(z0)

- = 1.1842, 25 = 1.3039, 2™ = 24 = 1.3177
f//(CC())

1 = xo =225,x0 = x1 —
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Newton’s Method : One variable Example

Newton Iteration Table

I (xk)
i Tp Pl f(@k)
0 2.25 -0.75 5.12891
1 1.1842 -1.0658 2.51077
2 1.3039 0.1197 2.4195
3 1.3175 0.0136 2.41859
4 13177 0.0002 2.41859
5 13177 0.0 2.41859
6 13177 0.0 2.41859
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Newton’ s Method : Disadvantages

» The update rule in Newton’s method involves dividing by the second derivative.
The update is undefined if the second derivative is zero, which occurs when the
quadratic approximation is a horizontal line.

» Instability also occurs when the second derivative is very close to zero, in which
case the next iterate will lie very far from the current design point, far from
where the local quadratic approximation is valid.

> Poor local approximations can lead to poor performance with Newton's method.
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Newton’s Method : Multivariate Optimization

» The multivariate second-order Taylor expansion at xy, is
1
Fxi +s) = flxr) + V(F(x) s + §STHA-S
d
—(xk +8) = Vf(xg) + Hps =0

We then solve for the next iterate, thereby obtaining Newton's method in
multivariate form:

s=—H'Vf(xp), s=%p1— %k

Xpy1 = X — H,:1Vf(xk,)

> If f(x) is quadratic and its Hessian is positive definite, then the update
converges to the global minimum in one step. For general functions, Newton's
method is often terminated once x ceases to change by more than a given
tolerance.
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Newton's Method : Example

With x1 = {9 8], we will use Newton’'s method to minimize Booth's function:

f(x) = (z1 + 222 — 7)2 + (221 + x2 — 5)27
T 10 8
Vi(x) = [109:1 4 87o—34, 8r1+ 10z — 38] , H(x) = {8 10]

The first iteration of Newton’s method yields:

wencwacf]- [0 3]
B2 o -

The gradient at x2 is zero, so we have converged after a single iteration. The Hessian is
positive definite everywhere, so x2 is the global minimum.

10(9) + 8(8) — 34
8(9) + 10(8) — 38
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Newton’s Method : Multivariate Optimization

©- Newton Method 150 4 @ Newton Method , Stop at 0.0
-@- Steepest Descent -@- Steepest Descent , Stop at 0.0
100
g
50
0 .
—5 0 5 0 5 10 15 20
T Iteration

» If f(x) is quadratic and its Hessian is positive definite, the update converges to
the global minimum in one step.
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Newton’s Method : Algorithm

lets = xpq1 — g

Require: xo, eq, V fr, Hy,

k=0

while ||V fx|| > eq and k < kmax do
s = Hx)~'Vf(x)
X=Xx+4s
k=k+1

end while

return x

» Newton's method is efficient because the second-order information results in
better search directions. Two main steps in Newton’s method

» Need to compute Hessian H

> Solve the system of equations Hs = —V f(x) = xp+1 = x — H- IV f(xz)
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Secant Methods

» Newton's method for univariate function minimization requires the first and
second derivatives f’(zx) and f"(zx)

> In many cases, f’(xy) is known but the second derivative is not.

> We can use first-order information (gradients) along each step in the iteration
path to build an approximation of Hessian.

» The secant method uses the last two iterates to approximate the second
derivative.

@) = k)

Tp — Tk—1

I (xr)
This estimate is substituted into Newton's method

Tyl = Th — &f’(%)
(k) — f(zk-1)
» The secant method requires and additional initial design point. The method has
the same problems as Newton's method and may take more iterations to
converge due to approximating the second derivative. o



Levenberg-Marquardt Algorithm

» Newton’'s method tends to perform well whn our objective function is a
quadratic equation or is closely approximation by one. It performs poorly when
the approximation is poor.

» A quadratic approximation for a smooth function will tend to be good
sufficiently close to a local optimum, where the objective function is typically
convex and bowl-like. In more linear regions, quadratic approximations will be
poor, and in the concave areas, quadratic approximations will have degenerate
Hessians. In such cases, it is often more effective to use a simple gradient
descent step.

» The interpolation update rule is parameterized by a damping factor ¢:

X1 = Xk — (Hk —+ 61)71Vf(xk)

& > 0 is small, the update mimics Newton's method. When § is large, the update
mimics gradient descent with a step factor a ~ 1/4.
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Levenberg-Marquardt Algorithm

» The damping factor is adjusted during descent based on whether each iterations
improve the objective function value. If the objective is better at the next iterate,
it is accepted, and § can be decreased. If the objective is worse at the next
iterate, it is rejected, the algorithm retains the current iterate, and ¢ is increased.

> In practice, we use
Xpy1 = Xy, — (Hy, + & diag(diag(Hy))) ™'V f (xx)

This leverages information about the Hessian even when mimicking gradient
descent, allowing iterates to move further in directions where the gradient is
smaller.

> If the Hessian is not invertible and diag(Hy) has any negative entries,
increasing the damping factor will not produce an invertible matrix. We can take
the component-wise maximum of these values with a small positive number.
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Levenberg-Marquardt Algorithm

Each step of Levenberg-marquardt method:

Require: xo, eq, Vfr, Hi, 6, Ya, Vr
M = H(xo)
d = max(diag(M), ¢)
M =M + § = diag(d)
x =x—-M71Vf(x)
if f(x') < f(x) then > accept the new design and decrease damping
return x = x’',§ = 6 * 4
end if > reject the new design and increase damping
return x = x,6 = 0 * v,
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Levenberg-Marquardt Algorithm: Gauss-Newton Method

The Levenberg-marquardt algorithm was ariginally develope for the least-square
problem, that we can derive an efficient approximation of the Hessian.

» Consider an objective function:
1
=52 hi% v Z FVFi(x), fi(x) & filxk) + Vilxi) T (x = xz)
» Substituting the approximation back:

VI = 3 (i) + Vi) (x = x1)) Vi)

7

= Z Fi(xi)V fi(xp) + Z Vi(xe)V fi(x) T (x — %)

> Since we have only one scalar objective function of a vector parameter f(x),
then
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Levenberg-Marquardt Algorithm: Gauss-Newton Method

» Then we have

Vi) =ITf(x) +ITI(x—x) =0
-1
Xpp1 = Xpo — (JTJ) 37 f(x)
» This update matches Newton’s method, except the Hessian is approximated
using the outer product of the gradients.

» Using the damping factor produces the Levenberg-Marquardt:

Xpy1 = X — <JTJ + d diag (diag(JTJ))) - IT f(xp)
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Quasi-Newton Methods

» Quasi-Newton methods are broad class of approaches to approximate the
Hessian used in Newton's method.

» When H is too expensive to compute, or when H is not positive definite, we may
approximate this Hessian with a matrix H. The matrix H provides a quadratic
approximation. The matrix H provides a quadratic approximation f(x) to our
objective function f(y) at some point y near the current base point x

Floxk + D) = £1) + V7 )T + 50T B

where H is an approximation of the Hessian.

» To design an effective approximation H to H, we need to put some constraints

on this new matrix:

» H should be symmetric, as H is symmetric.
» Condition I: H should be positive definite, since we will invert it in
Newton’s method.
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Levenberg-Marquardt Algorithm

3 0.0
A~ LM with diag . A- LM with diag , Stop at -1.0
—o #- LM without diag # LM without diag , Stop at -1.0
/ @~ Newton @ Newton , Stop at -0.0
9] /
L
€ 51 Aass,
» 'y
14 A
A
By A
0 —1.04 S Aaan
0 1 2 3 0 10 20 30 40 50
T Iteration

» Using the exact Hessian provides the most accurate information about the
curvature of the minimum surface. This can lead to more precise steps and
potentially faster convergence if the function is well-behaved.

» (Calculation the second derivatives is very expensive. In many real-world
problems, it's simply not practical.
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Quasi-Newton Methods

» Cont.

» Condition Il: The quadratic approximation f should have the same
gradient at the current point x4 and last point x :

Vf(xkt1) = VF(Xe41)
VF(xk) = Vi(xy)

» Since H will be updated at each iteration step, we add a subscript H, . We
want Hy 1 to be close to Hy,.
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Quasi-Newton Methods

The quadratic approximation of the objective function:

1 e
i+ p) = fxi) + Vi) o+ §P£Hkpk
Minimize this quadratic with respect to p, and let it equal zero, we have

Hyp, = —Vf(xk)
We get the py, direction and update the point using xx4+1 = X + aPs.
Quasi-Newton methods update the approximate Hessian at every iteration based on
the latest information using an update of the form (instead of recalculate the Hessian.)

Hypq = Hy + AHy,

The approximation of the Hessian must match the slope of the actual function at the
last two point.
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Quasi-Newton Methods

Condition Il: Using x;, in the direction of py, we have

1
kg1 + k) = FErg1) + VI xer1) TP + 5P£Hk+lpk

V(X1 +pk) = VF(Xkt1) + Hyr 10k

If pr. = 0, then we have V f(xj41) = Vf(xx41). Move backward, x;, = X411 — axps -
Then the approximation is

V(K1 — axpr) = V(xr) = VF(Xps1) — axHpp1pk
To enforce that the V f(xz) = V f(x), we need
Vf(xkt1) — xHpp1pe = VF(xx) = apHpp1pe = VF(xrp1) — VF(xx)
Let sy = Xp+1 — Xk = oPk, and yr = Vf(xk4+1) — VF(xx). We have

flk+1sk =yr, Whichisa secant equation
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Quasi-Newton Methods

Condition 1I: We need H to be positive definite then
Hyyisp =yr = spHppise =sfyp >0

The latter is called the curvature condition, and it is automatically satisfied if the line
search finds a step that satisfies the strong Wolfe conditions.

» The original quasi-Newton update, known ad DFP, was first proposed by Davidon
and then refined by Fletcher and slso Powell. The DFP update formula has been
superseded by the BFGS formula, which was independently developed by
Broyden, Fletcher, Goldfarb, and Shanno.

» The BFGS is currently considered the most effective quasi-Newton update.

22/ 42



Quasi-Newton Methods

» As the secant method approximates f in the univariate case, quasi-Newton
methods approximate the inverse Hessian. Quasi-Newton method updates have
the form:

Xp41 = Xk — o Qi V i,

where ay, is a scalar step factor and Q,, approximates the inverse of the Hessian
at Xl

» These methods typically set Qg to the identity matrix, and they then apply
updates to reflect information learned with each iteration. To simplify the
equations for the various quasi-Newton methos, we define the following:

Vi1 = VI (Xpg1) — VF(xr)

Sk+1 = Xk+1 — Xk
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Quasi-Newton Methods : Davidon-Fletcher-Powell (DFP)

In stead of starting with the update for the Hessian, we use the inverse Hessian Q.

Q41 = Qx + auu” + pvvT

Hip1sk =yr = Qui1Ye = sk
Setting u = s and v = Qgyx, we have

Qi1 = Qp + aspst + BQryryL QF Multiply both sides with yy,
sk = Quyr + aspstye + BQEyEY; Qv from secant equation
sk — oseSL Yk = QY + BQRYRYE Quyr
sk(1— asiyr) = Qryr(1 + By Quyi)

The last equation is correct if both sides are zero or

1 —1
Ty’ B= ~TO, v,
SL Yk Yi Quyr
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Quasi-Newton Methods : Davidon-Fletcher-Powell (DFP)

The Davidon-Fletcher-Powell (DFP) method uses:

SKSE _ Qryryr Qg
sTye  ¥F Quyk

Qr+1 = Qx +

The update for Q in the DFP method havs three properties:
» Q remains symmetric and positive definite.

> If f(x) = 3xTAx + bTx + ¢, then Q = A=1. Thus the DFP has the same
convergence properties as the conjugate gradient method.

» For high-dimensional problems, storing and updating Q can be significant
compared to other methods like the conjugate gradient method.

» The DPF algorithm does not guarantee the positiveness of the Hessian H.
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Quasi-Newton Methods : Davidon-Fletcher-Powell (DFP)

Require: xo, eq, f, V.f(x0)

k=0,Q=1I
while |V f(xg)|| > eq && k < kmax do
gk = Vf(xx)

o = line_search(f, xi, —Q * g)
Xpt1 =Tk —aQ * g
8k+1 = VI (Xk+1)
S = XkJrl — Xk
Y = 8k+1 — 8k
Q=Q—-Qvry} Q/y} Qyr +skst /st vk
k=k+1
Xk = Xk+1
end while
return xg 1
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Quasi-Newton Methods : BFGS

In addition to the secant equation, we would like
> H,, is symmetric
> Hj, isclose to Hy
> H is positive definite the Hy; is positive definite.

Using rank-1 update (I:IkH = Hj, + cuu” is satisfied the secant equation, but is not
guaranteed to be positive definite. The BFGS is a rank-2 update
ﬁk+1 =Hy, + ouu” + w7, I:Ik+1sk =y, = Hpsp +auuls, + Bvwls, = yp

Setting u = y and v = Hs yields

_ _ _ T
Hysy, + aygyy sk + BHysy, (Hksk> Sk =Yk

Yk (1 - aykT.Sk> = Hysy, (1 + ﬁsgﬁksk)

1 1
we need o = ——,and B = ———=—.
Y sk A s{ Hysp
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Quasi-Newton Methods : BFGS

We get the BFGS update:

kak _ Hysys{Hy

Hk+1 = Hk + =
Vi sk s{ Hysp

It is more efficient to approximate the inverse of the Hessian directly instead. The
inverse approximation Hessian Q can be found analytically from the update H using
the Sherman-Morrison-Woodbury formula

A=A+UVT, A l=A"tl_AlUuag+VvTAlU)VTA?
We have

Qry1 = (1 - O'kskyz) Qx (1 - G'kYkSZ) + oxsksy

where o), = . We have xp 41 = x, — aQ V f(xg)

Vi Sk
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Broyden-Fletcher-Goldfarb-Shanno (BFGS) proof

By letting Hy, 11 = A, and Hy, = A, we have

5 o
Qi1 =Qk — QuUx (T4 VEQRUL) ™ Vi VaQy, ViVa = Vi, Vo =UT, 87! =@
Nl 2

v T
K vi
1
—_— — 0 ~
sTHys), sPH T =

vV = k kR . | V2= kokl =vul, vy = [Hksk Yk} ,

0 T Vi

Vi Sk

~ T Sk .
Let Vi, = QpUp = (V2Qp) T = {51\ Qk)’k]:and V2Qp = {SEH;;Q/V yEQk} = [ :)'J Since,

—1
M= (1 + v{quk,) V1, we have

T
Qr+1 = Qp — VMV

M= (I+V{QkUk)71V1 - (V;l +V2Q;€V§)71

—1 0 —1
TH T
1 1 T s; Hys s Hy -~
Mt = v 4 vaqvT = |tk Okk N + kyT Qx [Hksk .Ykl
sy k
T T T
_ —sp Hgsg 0 i s Hy [SA Qk}%] _ 0 Sk Yk
0 Y sp yi ) yisk  YEsk +YE Quyk
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Broyden-Fletcher-Goldfarb-Shanno (BFGS) proof

_ -1 Yisk +YEQuyr  —SEyk| _ T+ pyfQuyr -1 1
M= T T T =—pr » P
Vi, SkSi Yk —Yi Sk 0 -1 0

1+ ppr T LY e —1 57:
Qri1 = Qp — VEMVY = Qi + pi [sk Qk}’k] [ PRVl ATk ] [ k ]

-1 0| [vFak
T T T T T
=Qx + rk (Sksk + PESEYE QrYrsk — QeYESE — SkV Qk)

= (1 - /’ksk:}’{) Q (1 - PA:YkSkr) + PrSKSE S

2 1
where p7 = ———
kT sesTve
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Broyden-Fletcher-Goldfarb-Shanno (BFGS)

Require: xo, g, f, V.fx

k=0,Q=1I
while |V f(xg)|| > eq && k < kmax do
gk = Vf(xx)

o = line_search(f,x, —Q * g)
Xp+1 =X —aQxg
grt1 = VI(Xkt1)

S =Xp+1 — Xk

Y =8k+1 — 8k
o= 1/s{yk
Q= (I—okskyr) Qr (I — okyrsy) + oxspst
k=k+1
X = Xp41
end while

return xj41

31/ 42



Limited-Memory Quasi-Newton Methods

» When the problem is large whose Hessian matrices cannot be computed at a
reasonable cost.

» Instead of storing fully dense n x n approximations, we can save only a few
vectors of length n that represent the approximations implicitly.

» Here we introduce the limited-Memory BFGS or L-BFGS.
» The BFGS method has the form

T T
Xp41 = Xk — @ Qr Vi, Quy1 = Vi QuVi + prsysy, , where

1
PE = Vs Vi =1— peygsi, and s, = Xp41 — Xk, ¥k = Vg1 — Vi
k Sk

» The inverse Hessian approximation Qg will generally be dense, the cost of
storing and manipulating it is prohibitive when the number of variables is large.

» To solve this problem, we store a modified version of Q. implicitly, by storing a
certain number m of the vector pairs {s;,y;}. The product QxV fi can be
obtained by performing a sequence of inner products and vector summations

involving V fi, and the pairs {s;,y:}.
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Limited-Memory Quasi-Newton Methods

Recall and expand the BFGS update:

Qr = Vi 1Quo1Vi—1 + pr—1Sk—151_;
=vl vT Vip_oV v T v T
=V, 1V oQr2Vek 2Vi 1 +pr2Vi_oSk_2Sp_oVk—1+ pr—1Sk—15,_1
= (VEAV;ET;Q : "ngm) Qr—m Vi—mVi—ms1--Vi—1)
+ Pk—m (V{71 T V{7m+1) sk—msz—m (Vkr—m+1 - Vi_1)
+ Pk—m+1 (VZ:—1 e Vg—m,+2) Sk7m+1ssz—m+1 (Vi—m+2 - Vi—1)
+ P

T T T
+pk—2Vi_18k—28g_oVik—1+ Pr—1Sk—1S,_1-

In L-BFGS, we replace Qi _,,, (a dense d x d matrix) with some sparse matrix Q¢, e.g., a
diagonal matrix. Thus, Q, can be constructe using the most recent m < d pairs
{si,yi}iot . Thatis

1=
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Limited-Memory Quasi-Newton Methods

Qr = <V£71V£72 T szm) Qg (Vie—mVi—mt1-- V1)
+ Pr—m (Vf_l = -Vf_m+1) SkemSp—m Vi—m+1 V1)
+ Pr—m+1 <VkT-71 e V£,m+2) Sk—m+15t —mi1 (Vi—mt2 - Vi_1)
+ e

T T T
+pre—2Vi_1Sk—28; o V-1 + Pr—1Sk—15;_1-

» We only need the d-dimensional vector Q. V f(xx) to update
Xpp1 = Xk — Qi V f(x1).

> We only stor the vectors {s;, yi}f:’,j_m from which Q. V f(xx) can be computed
using only vector-vector multiplications.

T
Sp—1Yk—1

= . This choice
Vi_1Yk—1

» A popular choice for Q2 is QP = 41, where ~;, =
appears to be quite effective in practice.
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Limited-Memory Quasi-Newton Methods

Algorithm 1 L-BFGS two-loop recursion

set q = V f(xg) want to compute QxV f(x)
fori=k—1,k—2...,k=m do

a; = pislq
a=q-ay; > RHS = q — pis] qy; = (I = Pi}’iSiT) q
—— ——
A\
end for
r= gq
fori=k—mtok—1:do
B=piylr
r=r+s;(a; —B) >RHS =r + p;a; — piyZTrSi = (I — pisiyf) r+pio
——————
vT
end for
return r > which equals QxV f(xx)
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Limited-Memory Quasi-Newton Methods

Require: xg, m, eg

k=0

while ||V f(xx)|| < e do
Choose Q9
Prx = — Qi Vf(xx), where Qi V f(xx) is compute using Algorithm 1
Xk+1 = X + appg, Where oy, satisfies Wolfe Conditions
if K > m:then

discard {sx—m,Ykx—m } from storage

end if
Compute and store sy, = X1 — Xk and yx = Vf(xp4+1 — Vf(xg)
k=k+1

end while
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Compare Four Methods

Minimizing of bean function f(z1,z2) = (1 — 21)? + (1 — 2)? + 0.5(2z2 — 2%)?

2 24
®
@
04 v
@®- Newton with 8 Iterations
@ SD with 39 Iterations A- Newton+ex LS with 7 Iterations
-2 A- LM with 24 Iterations -2 4 Newtonap LS with 8 Iterations
T T T = T T T
-2 0 2 -2 0 2
@ Ty
9
04
@ DFP with 8 Iterations @ L-B m=3 with 8 Iterations
-2 A BFGS with 8 Iterations —24 A- L-BFGS m=1 with 8 Iterations
1 T ; t T ;

-2 0 2 -2 0 2
x ) 37/ 42



Compare Four Methods

Minimizing the total potential energy for a spring system:

A e

s K

1 2 2
minimize 5k:1 < (L +1)2 -I-as% — ll> + —ko ( (lg —x1)? -I-x% — lg) — mgxo

T1,T2 2

By letting Iy = 12,12 = 8, k1 = 1, k2 = 10, mg = 7 (with appropriate units).
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Compare Four Methods

20

@®- Newton with 5 Iterations
A- Newton-+ex LS with 17 Iterations
## Newton-+ap LS with 500 Iterations

© L-BFGS m=3 with 11 Iterations
A L-BFGS m=1 with 11 Iterations

39/42



Compare Four Methods

20

20
10 10
&' £
0 04
©- Newton with 8 Iterations
@®- SD with 23 Iterations #A- Newton+ex LS with 8 Tterations
A LM with 15 Tterations ## Newton+ap LS with 500 Iterations
—10 > ; ; : —10-8 ; ; ; :
-5 0 5 10 15 -5 0 5 10 15
, T,
20 20
10 10
& &
0 0
©- DFP with 14 Iterations with 16 Iterations
A- BFGS with 13 Iterations with 16 Iterations
—-10 T T T
10 15 —5 0 5 10 15
E

T
5
k7

1
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Compare Four Methods

. .. . 2 2
Minimizing of bean function f(xz1,z2) = —e(~(x122—1.5)"—(x2—1.5)%)
3 3
2 2
o 14 o 11
01 04 @ Newton with 15 Tterations
@© SD with 10 T A Newton+ex LS with 5 Iterations
14 A- LM with 6 14 4 Newton+ap LS with 500 Iterations
- 0 1 2 3 -1 0 1 2 3
% 2
3 3
2 2
s 1 e 14
04 0
@ L-BFGS m=3 with 8 Iterations
1 14 A- L-BFGS m=1 with 8 Iterations
0 0 i 0 1 2 3
i
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