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At the end of this chapter you should be able to:
» Mathematically define the optimality conditions for an unconstrained problem.
» Describe, implement, and use line-search-based methods.

» Gradient Descent based method
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Unconstrained optimization problems

Determine the objective function for building a minimum cost cylinderical
refrigeration tank of volume 50 m3, if the circular ends cost $ 10 per m? , the cylindrical
wall costs $6 per m?2, and it costs $80 per m?2 to refrigerate over the useful life.

//xﬁ ‘
] f(z, L) = (10)(2) (’%‘2)
w2
+ (6)(mzL) + 80 ((2)T " mL)
ST
= 457x? + 86wz L
(50)(4) _ 200
T L= w2
|¥/|__ f(z) = 45ma? + 17200
——— .

One problem is minimize f(x) for all real . How!
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Unconstrained optimization problems

We consider unconstrained optimization problems with continuous design variables,
minimize f(x),
X

where x = [z1,...,z,] is composed of the design variables that the optimization
algorithm can change.
Minimum Points:

» the point x* is a weak local minimum if there exists a § > 0 such that
f(x*) < f(x) for all x such that |x — x*| < 4, thatis f(x*) < f(x) forallxina
d-neighborhood of x*.

» the point x* is a strong local minimum if there exists a § > 0 such that
f(x*) < f(x) for all x such that |x — x*| < 6.

» x* is a global minimum if f(x*) < f(x) forall x
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Optimality Conditions

A point x* is a local minimum if f(x*) < f(x) for all x in the neighborhood of x*. A
second-order Taylor series expansion about x* for small steps of size p yields

JO" 4 D) = () + TF) o+ S HE P+

J = B) = f) = VI Tp+ SpTHG p 4

For z* to be an optimal point, we must have f(x* +p) > f(x*) for all p. This implies
that

1 1
Vi) p+ op Hx)p > 0and — Vi(x*)Tp+ p Hx)p >0  Vp.

The magnitude of p is small, the second term can be neglected. Therefore, we require
that

Vix)Tp>0and —Vf(x" ) p>0 = Vf(x*)=0
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Optimality Conditions

The condition V f(x*) = 0 is called the first-order necessary optimality condition.

Because the gradient term has to be zero, we must satisfy the remaining term in the
previous inequality, that is

p’Hx")p>0 Vp orH(x*) =0

> These two conditions V f(x*) = 0 and H(x*) > 0 are necessary conditions for a
local minimum but not sufficient.

> In some direction p” H(x*)p can be zero. We need to check the third-order
term. If it is @ minimum, it is a weak minimum.

> To have the sufficient optimality condition, H(x*) must be positive definite.
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Quadratic function with different types of Hessian

Positive Definite

Positive Semidefinite

7

infmum Line

b, 4

Negative Definite

Indefinite

tsiiii??i =
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Finding minima analytically

Consider the following function of two variables:
f(z1,22) = 0.52F 4 223 + 1.52% + 23 — 2010

Let the gradient equal to zero,

of

Dy 23 4 622 + 311 — 210 0
Vf(x17;p2) = = 1 1 =

of 2x2 — 221 0

Oxzo

From the second row, we have x1 = x2. Substituting this in to the first equation yields
z1 (22 + 621 4+1) =0 = 21 =0,-2.8223,—0.1771

The solution of this equation has three points: z4 = (0,0), x5 = (—2.8223, —2.8223),
and z¢ = (=0.1771,-0.1771). (see ch2/optimal_condition.jl)
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Finding minima analytically

To clarify these three points, we need to find the Hessian matrix.

2%y 9%y
da7 9102 622 + 1221 +3 2
H(zi,2) = | ' ) =
o°f o°f -2 2
Ox10xzo 81%

For each point, we have

e[, 5] men= [ T wea= [ ]

The eigenvalues are A4 = (0.438,4.561), A\p = (1.737,17.200) , and

Ac = (—0.523, 3.586), respectively. The first two eigenvalues show the evidence of
the local minimum points, while the last one addresses the saddle point.
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Optimality Conditions

Example: Finding minima analytically

local minirpu

saddle pojht
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Optimality Conditions

Example: Finding minimum analytically

We want to

17200

T

minimize 45mx
T

We set

. 17200
z% =

Vf=90nrx —
! e 907

= 60.833

17200
——= 0
T

We have z = 3.93 m and L = 200/ (wz?) = 4.12 m.
The cost is

17200

flx*) =45(z*)% + = 6560

Since H(z*) = 907 + (3(17200))/(x*)3 = 1132.85, it is strictly positive. Thus the
solution is a strict or strong minimum.
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Optimality Conditions

Example: Maximize Problem

Determine the dimensions of an open box of maximum volume that can be
constructed form an A4 sheet 210 mm x 297 mm by cutting four squares of side = from
the corners and folding and gluing the edges as shown in Fig.
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Volume V=(297-2x)(210-2x)x
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Optimality Conditions

Example: Maximize Problem

The problem is to
maximize  V(z) = (207 — 22)(210 — 22)z = 62370z — 10142? + 423
We set f(z) = —V(z) = —62370x + 101422 — 423, Setting V f(x) = 0, we get
Vf(x) = —62370 + 2028z — 1222 =0 = = = 40.423 and 128.577 mm.

The possible solution of = is only the first one, where z* = 40.423 mm. The

H(z*) = 2028 — 242* = 1057.848 > 0. implies that z* is a strict minimum of f(z) or
maximum of V (z).

The maximum value of the box is 1128.5 cm?.
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Convex Sets

> AsetSis called a convex set if for any two points in the set, every point on the
line joining the two points is in the set.

> Alternatively, the S is convex if for every pair of points x; and x2 in S, and every
asuch that 0 < a < 1, the point axy + (1 — a)xz2 isin S.
> example of convex sets:

> the set of all real numbers R is a convex set.
> any closed interval of R is also a convex set.
» A={zc€R:0<z<1},B={zcR:2<z<3}andS=AUB.Sis

not a convex set.

convex set nonconvex set
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Convex Functions

> Afunction f(x) defined over a convex set R, is said to be convex if for every
pair of points x1,x2 € Re and every real number 0 < o < 1, the inequality

flaxi + (1 = a)x2) < af(xi) + (1 — @) f(x2)
hold. If 21 # a2 and

floxi + (1 —a)x2) < af(xi)+ (1 —a)f(x2)
then f(x) is said to be strictly convex.

> [f ¢ (x) is defined over a convex set R. and f(x) = —i(x) is convex, then ¢(x) is
said to be concave. If f(x) is strictly convex, ¥ (x) is strictly concave.

is located in R,
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Properties Convex Functions

af(z) + (1 —a)f(x

) )

Properties of Convex Functions
» If f has continuous first derivatives then f is convex over a convex set S if and

only if forevery z and y in S, f(y) > f(x) + f'(z)(y — x) This means that the
graph of the function lies above the tangent line drawn at point show in above

figure.
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Properties Convex Functions

» If f has continuous second derivatives then f is convex over a convex set S if
and only if for every x in S,

f(x)>0

> If f(z*) is a local minimum for a convex function f on a convex set S, then it is
also a global minimum.

» If f has continuous first derivatives on a convex set S and for a point z* in S,
f'(z*)(y —x*) > 0 forevery y in S, then z* is a global minimum point of f over
S.

Example: Convex Function
Prove that f = |z|,= € R, is a convex function. Using the triangular inequality

|z + y| < |z| + |y|, we have, for any two real numbers z; and z2 and 0 < @ < 1,

flazi + (1 — a)z2) = |axr + (1 — a)za| < afzi| + (1 — o)|z2]
< af(z) + (1 — a)f(z2)
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Descent Direction

Consider an unconstraint problem

ml}crlelrlgzl}ze f(x)

Definition: Descent Direction

Avector d € R™ is called a descent direction for f at x if moving a small amount
in that direction decreases the function value.

Ja > 0 such that f(x + ad) < f(x)

To check the descent direction, we could use the First-order Condition. From a
first-order Taylor approximation around x:

fx+ad) = f(x) +aVfx)"d

For small « > 0, we will have decrease if: Vf(x)?'d < 0. This condition defines a

descent direction. 19/ 44



Example: Steepest Descent

The most common descent direction is the negative gradient:
d=-Vf(x)
Why? Because:
VT (=Vx) =~V ®)* <0, where Vf(x) > 0

so it always guarantees descent.
» Adescent direction is any vector d such that Vf(x)Td < 0
> [t ensures that moving a little in direction d decreases f(x)

> The negative gradient —V f(x) is the steepest descent direction.
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Example: Steepest Descent

® Point x
- Vi(x)
-4 -Vif(x)
-4 Other descent

1 2

o)
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Gradient Based Optimization

A Gradient descent is one of the most popular and versatile technique in all of
optimization.

> Alocal minimum of a smooth, unconstrained objective function f(x will be a
point x* with zero gradient, V f(x*) = 0, and positive semi-definite Hessian,
V2 f(x*) > 0.

» The idea is find the point x where V f(x) = 0. We known as a root finding
problem.

> However, in general, the function V f(z) is too complex to solve for its roots. We
need to use iterative method to obtain a sequence of point x;, that eventually
converge towards the local minimum x*:

fxo) 2 f(x1) = flx2) 2 -+ 2 f(x7)

F(xpg1) — fxe) <0 = xpyp1 = F(xp)
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Two Approaches to Finding and Optimum

Xo

l

Search
direction

-~

[ Update x J [Linc search

-~

)

Isxa
minimum?

Line search approach

Create model
J

Minimize
model

Isxa
No minimum? |

Update trust-
region size, A

Update x

Yes
x‘

Trust-region approach
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Basic Concept

Consider a problem

minimize f(x), x€R"
X

» Most numerical methods require a starting design or point which we call xq
(initial point).
» We then determine the direction of travel dy.

» A step size g is then determined based on minimizing f as much as possible
and the design point is updated as x; = x¢ + apdo.

» The process of where to go and how far to go are repeated from x; or
Xg4+1 = X + agdg.
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Basic Concept: Example

Given f(z1,x2) = 22 + 522, a pointxg = [3 1]T, fo = f(x0) = 14.
1. Assume we already have a descent direction d = [-3 — 5]7. We need to find a
step size a.
2. Construct f(a) = f(xo + ad) along the direction d and provide a plot of f(«)
versus a, for e > 0. We have x(a) = xo + ad = [3 — 3, 1 —50a]T and
fla) = (3 —3a)? + 5(1 — 5a)2.

0.0 0.1 0.2 0.3 0.4 0.5
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Basic Concept : Example

2. Find the slope df (a)/da) at « = 0. Verify that this equal V f(x0)7d (direction
derivative). We have

df ()

I = (=6(3 — 3a) — 50(1 — 5a))| ,_, = —68

a=0

Vf(xo)Td= [2(3) 10(1)] {_3] = _68

3. Minimize f(«) with respect to «, to obtain step size ag. Given the corresponding
new point x; and value of f1 = f(x1) . We have df (a))/doe = 0 or

d
’;(O‘) = —6(3 — 3a) — 50(1 — 5a) = 0 = 268 = 68 O o = 0.2537
(0%
-3 2.2388
X1 = + « = , f(x1) = 5.3732, less than fo = 14.
1 1 0 _5] |:—0‘2687} f(x1) fo
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Basic Concept : Example

2. Provide a plot showing contours of the function, steepest descent direction zg
and x1.
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Basic Concept : Example

We want to design the width and height of
P=20001b the rectangular cross-section to increase
T the bending stress defined by
I A ai
L=24" J

6M .
oo = ——, where M is a moment.
2
wh

With the initial design x = (w, h) = (1, 3), we have

2 24 .
o0 = w = 327000ps|
1(32)
Usingd = [~1/v5 —2/v/5]T and o = 0.2 we have

X1 =X0 +ad = +0.2

—1/\/3] B {0.9106

= , o1 =T1,342 psi
~2/\/5 2.8211} ' ’
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Gradient Descent Method

Gradient descent seeks to find a local minima of an objective function f(x) by taking
iterative steps in the negative gradient direction.

» The gradient of a function V f(x) determines the direction of locally steepest
ascent, and so the negative gradient —V f(x) is the direction of locally steepest
descent. The gradient algorithm is:

Xpt1 =X — aV f(xg)

where « is the step size (learning rate)

»> The method is based on a first-order Taylor series approximation of f(x)
F®) = f(x0) + V f(x0)" (x = x0)

» There are two questions: stability and convergence of the algorithm.

» How to choose a good step size a. If avis too large, the iteration will be unstable
or barely stable (overshoot the minimum, causing oscillations, or even
divergence). If o is too small, the iteration will converge very slowly, making it
ineffective for problems. 29/ 4t



Gradient Descent Method: Fixed St

The simplest approach to determine the step-size « is fixed step size.

> A fixed step-size «v is good for a convex objective function f(x) with a
well-conditioned Hessian V2 f(x).

» We can show a simple example with quadratic objective to see the effect of the
condition number of V2 f(x) on a fixed-step gradient descent algorithm.

> Fixed-step schemes are simple, but may require tuning for adequate
convergence.

» Consider an unconstrained optimization problem:

L. 1 5 2 1
minimize —x"Qx,Q =
x€ER2 2 1 3

We will solve the problem, using the gradient descent method with
a = 0.01,0.06,0.543.
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Gradient Descent Method: Fixed Step Size

© o = 0.01 with

197 iterations

- o« = 0.4 with 13 iterations

0 0
—9 9
7 T T T T 7 T T T T
-2 -1 0 1 2 -2 -1 0 1 2
T, i
-©- o = 0.543 with 293 iterations @ o =001
O a=04

bjective Function Value

@ o =0.543

T
-2 -1 0 1 2 0 10

T
20 30
Iteration
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Gradient Descent Method: Analysis

> After we have the direction vector dy, at the point x;. If we move along dy, the
design variables and the objective function depend only on « as

x(a) = x;, + ady, fle) = f(xx + ady)

Of (i +ady) _ 0

ap = arg minimize f(x; + apdy) =
@ dak

The optimization above implies that the directional derivative equals zero:

Vi +ady) dy =0, deyr = —VF(xg + ady)
d;{Hd;€ =0, dg41 anddy are orthogonal. (source of zig-zags)

> In the steepest descent method, the direction vector is —V f(xy) resulting in

the slope at the current point o = 0 being

| G p)T (=Y F)) =~V F )12 < 0

do a=0

Implying a move in a downhill direction.
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Gradient Descent Method: Zig-Zags
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The Steepest Descent Method: Stoping Criteria

» Starting from an initial point, we determine a direction vector and a step size,
and obtain a new point as xx41 = xx + axdg.

» The question is to know when to stop the iterative process. We have two stop
criteria to discuss here.

> First Befor performing the step-size, the necessary condition for optimality is
checked:

IVl <ea,

where e¢ is a tolerance on the gradient and is supplied by the user. This
indicates you are near a stationary point.

» Second: We check the successive reductions in f as a criterion for stopping.

If (k1) — F(xx)| < ea +erlf(xp)]

where e 4 = absolute tolerance on the change in function value and e =
relative tolerance. Only if the condition is satisfied for two consecutive
iterations is the descent process stopped. 34 [ b4



Gradient Descent Method: Fixed Step Size

Steepest Descent

Require: xg,eqG, €4,€R
k =0, N = max_number
while k < N do
Compute V£ (xx)
if ||V f(zk)|| < eg then

Stop
else if then

dp, = =V f(xg)
end if

Xpp1 = X + agdy,
if |f(xk+1) — f(xx)| < ea +er|f(xx)| then
Stop
else
k=k+1x; =Xp11
end if
end while
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Gradient Descent Method: Convergence

Definition: Lipschitz continuity

A function f is Lipschitz continuous with Lipschitz constant L if

[f(x1) — f(x2)| < Lllx1 — xaf|  Vx1,%2

> If f(x) is convex and Lipschitz continuous with Lipschitz constant L , then
gradient descent with a step size « = 1/L is

1_.
X1 = X — va(xk)
» achieves the sublinear rate

Jow) = F) < oo llro — x|, K>

Thus the convergence rate is O(1/k), i.e,, sublinear in k. (the rate is slower than
O(k))
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Gradient Descent Method: Convergence

> If f(x) is strongly convex, the convergence rate is improved. A function is called
strongly convex if

FO) 2 F0) + V@ 6 =x) + Sly = x[? xy e R%u>0
In this case, the convergence rate is:

Fo) =16 < 5 (1= ) o =
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Gradient Descent Method: Stability

» Consider a quadratic function f(x) = %XTQX, where Q € R™*™ is a symmetric
positive definite matrix. The gradient is

Vix)=Qx = xp41 =%, —aQxp=I—-aQ)xy
» Then the update rule is simply a discrete-time linear system is
xpi1=(T—aQ)x, =T HI-aQ)T =1—-aD

» If I — oD is diagonal, then the eigenvalues of it is 1 — a\;. From the linear
discrete-time system theory, the system is stable if |1 — aX;| <1 Vi. This may
be rewritten as

“1<l—a)N <l = -2<-a)\; <0 —=0<a<

max
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Gradient Descent Method: Optimal

Now we want to determine an optimal step-size « for fastest convergence of the
gradient descent algorithm.

» The optimal step size for gradient descent with a quadratic objective function is
determined by the spectral radius of (I — aQ), which is hte largest absolute
eigenvalue:

p(I—aQ)= max [T — aX].

» To minimize the convergence rate, we choose « such that p (I — aQ) is as small
as possible. (To get the largest a.)

> We set the optimal value at

|1 — a)\mm| = |1 — a)\max‘ = 1- Oé*>\mm = —(1 — a*)\max)
N 2
af= ——
Amin + Amax

» The best possible performance is limited by the ratio of eigenvalues

)\max
K= —-

Amin
39/ 44



Gradient Descent Method: Optimal Step Size

2 0 . .12 0
fx) = 327 { } x,v = 3. The Hessian V2 f(x) is {O 6],then a=2=025

0 2y 8
///,/;:/ -©- o = 0.25 with 24 iterations t
Z,

o L —ar— [ |

Ty
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Gradient Descent Method: Optimal Step Size

0 . .2 0
x,v = 5. The Hessian V2 f(x) is thenar = & =0.167
2y 0 10

5‘ -©- o = 0.17 with 42 iterations E
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Gradient Descent Method: Optimal Step Size

Julia Code:
1 function gradient_descent(f, f, x0; a=0.1, €_G=1e-6, N=100)
2 xgra = zeros(length(x0), N)
3 xgral:, 1] = x0
4
5 for i in 2:N
6 xgra[:, i] = xgral:, i-1] - a » f(xgral[:, i-11)
7 if norm( f(xgral:, i])) <= €_G
8 return xgral[:, 1:i]
9 end
10 end
1 return xgra
12 end
13 SRR R L L L L L L EEE L e e e

1% f(x) = x[1]1%2 + 2x[2]"2
15 f(x) = [2x[1], 4x[2]]
16 x0 = [1.0, 1.0]

18  result = gradient_descent(f, f, x0)

42 [ bt



Gradient Descent Method: Optimal

Matlab Code:

1 f = a(x1, x2) [x1; x2]1' *[2 0; 0 2*2]«[x1; x2]; % gamma = 2
2 gf = matlabFunction(gradient(f(x1,x2),[x1,x2]1));
3

4 N = 2000; X = zeros(N,2); EG = 1e-10; EA = 1e-10; ER = 1le-10; th0 = 1le-5;
5

6 X(1,:) = x0;

7 for k = 2:N

8 % first criteria

9 if norm(gf(x0(1), x0(2))) <= EG

10 break;

n end

12 % transpose to make a column vector

13 alpha = 0.3

14 % new point

15 X0 = x0 - alpha*gf(x0(1), x0(2)))"';

16 X(k,:) = x0;

17

18 % check second criteria

19 nX = abs(fobj(X(k,:)) - fobj(X(k-1,:)));

20 if nX < EA + ER * abs(fobj(X(k-1,:)))

21 break;

22 end

23 end
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