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Forward Kinematics

The forward kinematics of a robot is the calculation of the position and orientation of
its end-effector frame from its joint coordinates 6.

x = Ly cosOr + Lo cos(01 + 02) + La cos(01 + 62 + 03),
y = Lisin0; + Lo sin(91 + 92) + L3 8111(91 + 05 + 93)7
¢ =01+02403



Forward Kinematics

» Using only basic trigonometry, the more general spatial chains, the more
complicated.

» A more systematic method of deriving the forward kinematics is by attaching
reference frames to each link

In this case, there are three links {1}, {2}, and {3}.

» The forward kinematics can be written as a product of four homogeneous
transformation matrices:

0Ty = T 'T2*T3°T 4,

where
cosfly —sinf; 0 O cosfy —sinf2 0 Ly
o sin 01 cos 01 0 0 1 sin 0o cos O 0 O
T, = ) Ty =
0 0 1 0 0 0 1 0
L O 0 0 1 0 0 0 1
[cosf3 —sinf3 0 Lo 1 0 0 Ls
27, = sin 03 cos 03 0 O 7 57, = 0 1 0 0
0 0 1 0 0 0 1 O )
. O 0 0 0 0 0 1




Forward Kinematics

» Observe that 374 is constant and that each remaining *~17'; depends only on
the joint variable 6;.

» This representation is called Denavit-Hartenberg parameters (D-H parameters).



Product of Exponentials

> Let us define M to be the position and orientation of frame {4} when all joint
angles are set to zero. Then

1 0 0 Li+Lo+Ls
M= 0 1 0 0

0o 0 1 0

0o 0 O 1

» If §; and 0 are held at their zero position theta the screw axis corresponding to
rototing about joint 3 can be expressed in the {0} frame as

> Note vg = —ws X g3, where g3 is any point on the axis of joint 3 expressed in 4
{0}, eg. q3 = (L1 + L2,0,0).



0 -1 0 0
[w] v 1 0 0 —(Li+L2)
[S3] = =
0 0 0 0 0 0
0 0 0 0

» Therefore, for any 63, the matrix exponential representation for screw motions is
o7y = elS3100M  (for 6, = 02 = 0)

» For §; = 0 and any fixed 03, rotation about joint 2 can be viewed as applying a
screw motion to the rigid (link 2/ link 3) pair

01, = el2102¢[83103 0y (for 9, = 0),



Product of Exponentials

> where [S3] and M are defined previously, and

0 -1 0 0
1 0 0 —IL
Sl =
SA=15 o o o
0 0 0 0

» Finally, keeping 65 and 63 fixed, rotation about joint 1 can be viewed as applying
a screw motion to the entire rigid three-link assembly. We can write

07, = e[51101[52102 5[S3105 p 7.

where
0o —-1 0 0
1 0 0 0
S =
Sil=10 o 0 o
0 0 0 0



Product of Exponentials

> Choose a fixed base frame {s} and an end-effector frame {b} attached to the
last link.

> let M € SE(3) denote the configuration of the end-effector frame relative to
the fixed base frame when the robot is in its zero position.



Product of Exponentials

» Suppose that joint n is displaced to some joint value 6,, the end effector from
M then undergoes a displacement of the form

T = elSnlon g,

where T € SE(3) is the new configuration of the end-effector frame and
Sn = (wn,vn) is the screw axis of joint n as expressed in the fixed base frame.

» Ifjoint n is revolute then wy, € R3 is a unit vector in the positive direction of
joint axis m; vy, = —wn X qn and 6, is the joint angle.

» If joint n is prismatic then w, = 0, v, € R3 is a unit vector in the direction of
positive translation, and ,, represents the prismatic extension/retraction.

» |f the joint m — 1 is also allowed to vary then this has the effect of applying a
screw motion to link n — 1. The en-effector frame thus undergoes a
displacement of the form

T — o[Sn-1]6n_1 (e[snenJM)



Product of Exponentials

> Then
T — 51101 . [Sn—1]0n—1[Snbn] ps
Summary:

» The end-effector configuration M € SE(3) when the robot is at its home
position;

» The screw axes Si, ..., Sy expressed in the fixed base frame, corresponding to
the joint motions when the robot is at its home position;

» The joint variables 61,...,0,.



Product of Exponentials ex1

0, &=

What are M and [S1], [S2] and [S3]?
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Product of Exponentials ex1

0, &=

What are M and [S1], [S2] and [S3]?

0 0 1 Iy
M= 0O 1 0 0

-1 0 0 —Lo

0 0 0 1

10



Product of Exponentials ex1

>

[S1]

The screw axis 81 = (w1, v1) for joint axis 1is given by wy = (0,0,1) and
V1 = —Ww1 X q1 = (0707 0)

For joint 2, wa = (0, —1,0) (consider go) and g2 = (L1,0,0), then

vy = —wz X g2 = (0,0, —L1)

For joint 3, ws = (1,0,0) and g3 = (0,0, — L) (distance compared with the
rotating frame), then vz = —ws3 x ¢3 = (0, —L2,0)
0O -1 0 0 0O 0 -1 0 0 O 0 0
1 0 0 0 0 0 0 0 0O 0 -1 -—L
, [S2] = 1S3 = ’
0 0 0 O 1 0 0 —Ly 0 1 0 0
0 0 0 O 0 0 0 0 0 0 0 0
i e [ |
(0,0,1) (0,0,0)

(0,—1,0) | (0,0,—L1)
(1,0,0) (0,—L2,0)

n



Product of Exponentials ex1

% Lecture 4 supplymentary
syms L1 L2

M=[001L1; 0100; -100-L2; 000 1];

wl = [0; 0; 1]; q1 = [0; 0; OI;

w2 = [0; -1; 0]; g2 = [L1; 0 ; 0];

w3 = [1; 0; 0]; g3 = [0; 0; -L2];

vl = cross(-wl, ql1); v2 = cross(-w2, q2); v3 = cross(-w3, q3);

Scl = [skew(wl), v1; zeros(1,4)]
Sc2 = [skew(w2), v2; zeros(1,4)]
Sc3 [skew(w3), v3; zeros(1,4)]
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Product of Exponentials ex2

{0}

What are M and [S1], [S2] and [S3]?
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Product of Exponentials ex2

Li ]l | |
(0,0,1) (0,0,0)
2 || (0,0,1) (0,—L1,0)
(0,0,1) | (0,—(L1 + L2),0)

We can neglect the z-axis, in this case.

N T
1 (0,0)
1 (0,—L1)
1 | (0,=(L1 + L2))
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Product of Exponentials ex3

What are M and [S1], [Sa], [S3], [S4] , [S5] and [Se]?
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Product of Exponentials ex3

il w pi vi |
1 (0,0,1) | (0,0,00 | (0,0,0)
2 | 0,1,00 | (0,0,00 | (0,0,0)
3 | (=1,0,0) | (0,0,0) | (0,0,0)
4 | (=1,0,0) | (0,L,0) | (0,0,L)
5 || (=1,0,0) | (0,2L,0) | (0,0,2L)
6 || (0,1,0) | (0,3L,0) | (0,0,0)

, M=

o O O -

o O = O

oS = O O
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Product of Exponentials ex1

What are M and [S1], [S2], [S3], [S4] , [S5] and [Se]?



Product of Exponentials ex1

What are M and [S1], [S2], [S3], [S4] , [S5] and [Se]?

il e [ om [ v ]

1 ][ (0,0,1) (0,0,0) (0,0,0) Lo o 0

e LU [V 2
e o - 00 1 0

4 || (0,1,0) (0,0,0) (0,0,0) 0 0 0 1

5 || (1,0,0) (0,L1,0) (0,0,—Ly)

6 [ (0,1,0) | (0,L1+L3,0) | (0,0,0)




Product of Exponentials ex1

What are M and [S1], [S2], [S3], [S4] , [S5] and [Se]? If we set 2 = —7/2 and
05 = 7/2, with all other joint angles equal to zero. What is T'(9)? If Wy = 109 mm ,
Wo =82 mm, L1 = 425 mm, Lo = 392 mm , H; = 89 mm, and Hs = 95 mm



Product of Exponentials ex1

|

[l w ] 2 | v

1 (0,0,1) (0,0,0) (0,0,0)

2 (0,1,0) (0,Wh,Hy) (—H1,0,0)

3 (0,1,0) (L1, Wh, Hy) (—=H1,0,L1)

4 (0,1,0) (L1+L2,0,H1) (7H1,0,L1+L2)
5 (0,0,71) (L1+L2,W1,H1) (7W1,L1+L2,0)
6 (0,1,0) (L1+L27W1+WQ,H17H2) (H27H1,0,L1+L2)

M =

-1 0 0
0 0 1
0 1 0
0o 0 O

L1+ Lo

Wi + Wa

H{ — H»
1



Product of Exponentials ex1

A

a~

Xb

19



Product of Exponentials second formulation

From the fact that A = PDP~! for some D € R**™ and invertible P € R®*™ then
eAt = pePtP—1 We have

eMTIPM _ ar=1.Par o ppeMTYPM _ Py
We have

T(0) = elS1101 . o[Snlon pf

— olS1161 . ppeM T ShIME,

— 81101 pgeM T [Sn o1 MOy 1] ;M T [S0] MO,
_ Me]\lfl[sl]]\lal . ,.ej\rl[sn,l]Men,lBM*I[Sn]Men

— MelB1101 .. Brno16n_1 6[571,]97,,7

where each [B;] is given by M~1[S;] M, ie, B; = [Ady,-1]S;,i =1,...,n. We call
this form as a body form.
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Product of Exponentials 2nd formulation ex1

L3 = 60 mm

Lo = 300 mm

Ly = 550 mm

Zb
X,

TR waist

LJ 15,36,J7
Sef— Wy =45 mm

Elbow J4

Shoulder
J1.J2,J3

What are M and [S1], [S2], [S3], [S4] , [S5] . [Se] and [S7]? If we set O = 45° and
04 = —45°, 06 = —90° and all other joint angles equal to zero. What is T'(6)?
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Product of Exponentials 2nd formulation ex1

22
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