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Basic Mechanical Elements: Inertia,
Stiffness, Damping, and Forcing



Inertia Elements

» For Rigid bodies, inertia properties can be considered point like; therefore,
inertia features corresponding to either translatory or rotary motion are
naturally lumped.

> Inertia is represented by mass (usually denoted by m) is translatory motion (a)
and mechanical (mass) moment of inertia (generally symbolized by J) is rotary
motion (b).

Guide e

Body r. .
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Inertia Elements

» The inertia (mass) is defined as the change in force (torque) required to make a
unit change in acceleration (angular acceleration).

) . change in force N
inertia (mass) = : - 5 orkg
change in acceleration m/s
change in torque N-m

inertia (moment of inertia) = or kg-m?

change in angular acceleration rad/s?
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Mechanical moment of inertia

The mechanical moment of inertia of a body of mass m rotating about and axis is

defined by
J:/ 7’2dm7
m

where r is the distance from the reference axis to the mass element dm.

PN J =mi2

If the rotation axis of a homogeneous rigid body does not coincide with the body’s
axis of symmetry, but is parallel to it at a distance d, then the mass moment of inertia
about the rotation axis is given by the parallel-axis theorem,

Ceniral axis —ﬁ,,,,
[" Ja = J +md?,
A

where J is the mechanical moment of inertia of the body about its centroid axis.
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Mechanical moments of inertia of common elements

Mass rotating about point
Sphere g P ‘

J, = mil?

Rectangular prism

1
Iy =Jz = om (3R? +3r% + L?)

for the proof of J,, see
http://dynref.engr.iu'\no\'s.e%u/rem.htmt 4/ 48



Mechanical moments of inertia: Example

The moment of inertia of a thin rod (radian r of rod is very small compared to the
length of the rod.) with constant cross-section s and density p and with length I about
a perpendicular axis through its center of mass is determined by integration. Align the
z-axis with the rod and locate the origin its center of mass at the center of the rod.

Solution Here, x is a distance from the reference axis to the dm, dm = psdx, and
dV = sdx. Note: s = mr2, where r =~ 0.

J:/ az2dm:p/ z2dV
m Vv
/2
= ps/ z2dx
—1/2

/2 3 3 1
_ps (L n L) — o2
L2 3 \8 8 12

3

3

= ps

-~

If the rotating axis is at the one end, the moment of inertia is J = %
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Mechanical moments of inertia: Example

" |

Calculate the mass moment of inertia about the centroidal (symmetry) axis of the
right circular cone frustum in Figure above in side view and defined by R;, Re and h.
Use the obtained result to also calculate the mass moment of inertia of a cylinder,
both about its centroidal axis and about a parallel axis that is offset at a distance

d = 2R from the centroidal axis. (the mass density is p)
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Mechanical moments of inertia: Example

Solution:
The mechanical moment of inertia is expressed as

h
J = /rzdm :/ r2pdV = p/ </ r2dA> dx
\%4 0 A

From the Figure above, the area of an elementary circular strip of width dr and inner
radius r is

dA = 27rdr

The mass moment of inertia of the cone frustum becomes

h Ry h
J = 27rp/ (/ rsdr> de = E/ Ridx
0 0 2 Jo

The variable external radius, can be calculated as

Ry — Ry
—=

I%I 211%14+ h
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Mechanical moments of inertia: Example

Matlab code

syms R1 R2 h x rho r

Rx = R1T + (R2 - R1) % x / h;

[ I S PV

J = (2% pixrhoxint(int(r”3, r, 0, Rx), x, 0, h))
This will return
h
7= 7"7 (RY+ R3Ry + R2R} + Ry R} + RA)

When Ry = Re = R, the cone frustum becomes a cylinder the result simplies to

1

h 1
L —mphR* = EmR2

10

J= (5R*) =
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Mechanical moments of inertia: Example

The cylinder's mass moment of inertia about an axis situated at d = 2Rs from its
centroidal axis is found from the above equation by means of the parallel-axis
theorem as

1 9
J= 5mR2 +m(2R)? = 5mR2
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Mechanical moments of inertia: Example

z ' Calculate the moment of inertia about axis
xz’ of the hollow cylinder shown in Fig.

~

Solution: The moment of inertia about axis za’ of the solid cylinder of radius R is
1 2 2
Jr = §m1R , wherem; = wR*Lp
The moment of inertia about axis zz’ of the solid cylinder of radius r is

1
Jr = §m27“2, where ms = 7r7‘2Lp
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Mechanical moments of inertia: Example

Then the moment of inertia about axis zz’ of the hollow cylinder shown in Fig. is

1 1 1
J=Jr—Jr = gmlRQ - §m2r2 =5 [(ﬂR2Lp)R2 — (7rr2Lp)r2]

= %TI'Lp(R4 —rt) = %TI'LP(RQ +72)(R? — r?)
The mass of the hollow cylinder is
m = n(R?—r%)Lp
Hence,
J= %(32 +72)n(R? —r?)Lp

1
= §m(R2 +72)

/48



Translational Motion

Newton’s Laws

»> A Particle is a mass of negligible dimensions. We can consider a body to be a
particle if its dimensions are irrelevant for specifying its position and the forces
acting on it. Ex. we don’t need to know the size of an satellite to describe its
orbital path.

> Newton'’s first law states that a particle originally at rest, or moving in a straight
line with a constant speed, will remain that way as long as it is not acted upon
by an unbalanced external force.

> Newton's second law states that the acceleration of a mass particle is
proportional to the vector resultant force acting on it and is in the direction of
this force.

d d?
ZF:ma:m—U :m—xzmx
dt dt?

> Newton'’s third law states that the forces of action and reaction between
interacting bodies are equal in magnitude, opposite in direction, and collinear.
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Mechanical Ene

The force f can be a function of displacement z,

m® = (@)
dv dt = f(z)vdt = dv = ()d—xdt* (z)d
mdtv = f(z)v mudv = f(x U = f(z)dz

Integrate both sides, we have

/mvdv:mTUQ:/f(a:)dx-i-C

» Since work is force times displacement, the integral on the right represents the
2

total work done on the mass by the force f(z). The term % is called kinetic
energy (KE)

> If the work done by f(z) is independent of the path and depends only on the
end points, the force f(x) is derivable from a function V'(z) as follows:

dV
fz) = T dr

The nesative sien provides the convention that work done asainst a force field.  13/48



Mechanical Energy

> The force f(x) is called conservative force. If we integrate both sides, we obtain

V(z) = /dV — f/f(:p)dx

+V(z)=C

mv2

2

This equation shows that V(x) has the same units as kinetic energy. V(z) is
called the potential energy (PE) function.

» The equation states that the sum of the kinetic and potential energies must be
constant, if no force other than the conservative force is applied.

» |f v and x have the values vg and zg at the time tq, then

2
muvg

2

=+ V(ajo) =C

Hence,

2 2 14 [ 48



Mechanical Energy

» The result is the conservative of energy as
AKE + APE = 0,

where the change in kinetic energy is AKE = m(v? — v2)/2 and the change in
potential energy is APE = V(z) — V(z0) .

» Gravity is an example of a conservative force, for which f = —mg. The gravity
force is conservative because the work done lifting an object depends only on

the change in height and not on the path taken. If z represents vertical
displacement,

V(z) = mgx
2
my + mgx =C
2
2 2
muv muv
5 20 +mg(z —x09) =0
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Speed of a Falling Object

An object with a mass of m = 2 kg drops from a height of 30 m above the ground.
Determine its speed after it drops 20 m to a platform that is 10 m above the ground.

Solution: The distance from the ground is g = 30 m and = 10 m at the platform.
Since vg = 0, we have

%(vﬁ —0)+mg(10—30)=0 = v2=40g (g = 32.2 m/sec?)
We obtain v = /644 = 25.4 m/sec. This is the speed of the object when it reaches
the platform.

Note that if we had chosen to measure = from the platform instead of the ground,
then vg = 0 m/s, zg = 20 m, and = = 0 mat the platform. We have

%@2 —0)+mg(0—20)=0 =  v2=40g
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Non-conservative force

The dry friction force is non-conservative because the work done by the force depends
on the path taken. The dry friction force F'is directly proportional to the force N
normal to the frictional surface. Thus F = uN. The proportionality constant is p, the
coefficient of friction.
» The dry friction force that exists before motion begins is called static friction
(sometimes shortened to stiction). The static friction coefficient have the value
Us.
» The friction after motion begin is the dynamic friction. The dynamic friction
coefficient pug describes the friction after motion begins. The dynamic friction is
also called sliding friction, kinetic friction, or Coulomb friction.

> In general, us > pq, Which explains why it is more difficult to start an object
sliding than keep it moving.

Normally p is refer to ug.

» Coulomb friction cannot be derived from a potential energy function, the
conservation of mechanical energy principle does not apply.

» The friction force dissipates the energy as heat, and thus mechanical energy,
which consists of kinetic plus potential energy, is not conserved.

» The total energy is conserved.
17/ 48



Motion with Friction

Motion Motion
—_— —_———
mg mg
- h
1 -
m m m
1 F o1 i [:l::]__
l N N
g

The free body diagrams above have two cases: v > 0 and v < 0. The normal force N
is the weight mg. Thus the friction force F'is uN, or F' = pmg. If v > 0, the equation
of motion is

mo = fi —pmg,  v>0
Dry friction always opposes the motion. For v < 0,

mv = f1 + pmg, v <0
18/ 48



Motion with Friction on an Inclined Plane

For the mass m = 2 kg, ¢ = 30°, v(0) = 3 m/s, and u = 0.5. Determine whether the
mass comes to rest if (a) f1 = 50 N-and (b) f1 = 5 N.

NS
X
mg (6N fi N f

Solution: Because the velocity is initially positive [v(0) = 3], we use equation

F mg cos ¢
mgsin ¢

mv = f1 —mgsin¢ — umg cos ¢ v >0
20 = f1 —18.3

(@) f1 =50 N andthusv = (50 — 18.3)/2 = 15.85 and the acceleration is positive.
Thus, because v(0) > 0, the speed is always positive for ¢ > 0 and the mass
never comes to rest.

(b) f1 =5N,v=(5—18.3)/2 = —6.65, and thus the mass is decelerating.

Because v(t) = —6.65¢ + 3, the speed becomes zero at ¢t = 3/6.65 = 0.45s.
19/ 48



L
\/gl .
mg sin 6 mg cos 0

From ¥M = Ja, we have

mL?0 = —mgLsin 0

LH = —gsinb
b=—2sine
L
If 0 << 1, we have
i=-2¢

I 20/ 48



Rotation About a Fixed Axis: Example

The pendulum shown in Figure below consists of a concentrated mass m¢ (the bob) a
distance L from point O, attached to a rod of length Ly and inertia Jrg about its
mass center. (a) Obtain its equation of motion. (b) Discuss the case where the rod’s
mass mg is small compared to the concentrate mass. (c) Determine the equation of
motion for small angles 6.

qul mcg
m=mp+ ngc mg

I
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Rotation About a Fixed Axis: Example

» The inertia of the concentrated mass m¢ about point O is
Jm =mcLE
» From the parallel axis theorem, the rod’s inertia about point O is

Lgr

2
Jro = JrG + mr (7>

Thus the entire pendulum’s inertia about point O is

Lo\2
Jo = Jro + mcLE = Jre +mr <7R> +meL:
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Rotation About a Fixed Axis: Example

The moment equation is
XM = Jw
Then

Job = —mgL sin @

The distance L between point O and the mass center G of the entire pendulum is not
given, but can be calculated as

L
mgL = (m¢)gLc + (mR)gTR where m = m¢ + mp

Solve for L to obtain

mcLe +mp(Lr/2)
mc +mp

L=

23/ 48



Rotation About a Fixed Axis: Example

(b) IF we neglect the rod’s mass mg compared to the concentrated mass mc¢, then we
cantake mrp = Jgg = 0,m = mg, L = Lc and Jo = mL?. In this case, the
equation of motion reduced to

mL%0 = —mgL sin 6
L+ gsinf =0

(c) For small angles, sin @ ~ @ if § is in radians. Substituting this approximation into
above equation gives

0+ =0=0
+L
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Energy and Rotational Motion

The work done by a moment M causing a rotation through an angle 6 is
0
W = / Mdo
0
From, the dynamic equation

M= Jw = Mwdt = J%wdt
]\/Id—edt = Jd—wwdt = Mdf = Jwdw
dt dt

Integrating both sides gives

0 1 0
/ Jwdw = = Jw? :/ Mdo
0 2 0

It shows that the work done by the moment M produces the kinetic energy of rotation:

1.5
KE = —Jw
2 25/ 48



Rotation About a Fixed Axis: Example

A motor supplies a torque 7" to turn a
drum of radius R and inertial I about its
axis of rotation. The rotating drum lifts a
mass m by means of a cable that wraps

) around the drum. The drum’s speed is w.

T‘ Discounting the mass of the cable, use the
values m = 40 kg, R=0.2m, and J = 0.8
kg- m2. Find the acceleration o if the
torque 7" = 300 N- m.

DRUM

RPN

(b)

Use Jw = M we have

0.8 = 300 — 0.2F
400 = F — 40(9.81)

Solve above equation for F' and
0.8 = 300 — 80 — 8(9.81)

Note that v = Rw = 0.2w to obtain © = 0.2w. Then we have © = 18.46 m/s?. 2/ 48



Pulley Dynamics

A pulley of inertial J whose center is fixed
to a support. Then we have

Jb = R(Ty —T>)

27 [ 48



namics : Energy-based analysis

> If pulley inertial is negligible then it is obvious

N that mq will lift mo if mq > ms. How does a
@ nonnegligible pulley inertial J change the result?
n > |f the pulley cable is inextensible, the x = y and
o
>
- lx

Ny

@ = . If the cable does not slip, then 6 = z/R.

If the system starts at rest at x = y = 0, then the
—F kinetic energy is initially zero. We take the
X potential energy to be zeroatz =y = 0.

mg

1 1 1 .
KE+ PE = 5m1{n2 + imgyz + 5.]92 +mogy —migxr =0
Substituting y = z, ¥ = 4, and § = &/R into the equation, then

1 TN .5 ) 2(my1 —ma)gx
—|mi+me+ — | 2%+ (M2 —m1)gx =0, rT=4 —
2( 1 2 R2> (ma 1)g e — 0 Z

The pulley inertia does decrease the speed with which mq lifts ma. 28/ 48



Pulley Dynamics : Newton's law

It is inconvenient to use an energy-based analysis to compute z(t) or the tensions in
the cable. For the free body diagram of the previous slide, Newton's law for the mass
m1 and my give

m1Z =mig — 11, may = To —mag

By using J6 = R(T, — Tz) and = = y then

Ty =mig—mi&=mi(g — &)

Ty = maf + mag = ma(i§ + g) = ma2(& + g)
Then
JO = (m1 — ma)gR — (m1 + mo)RE

Since x = RO, then we have

J N .
m1+m2+ﬁ &= (m1 —ma)g
29/ 48



Pulley Dynamics : Newton's law

We can solve it for z and substitute the result to the previous equations to find 7y and
Ts.
To find 2 and z(t), we can do by using direct integration. Let

(m1 — ma)gR?
(m1+me)R2+J
#(t) = At + 3(0)

A==

A
z(t) = 5t2 + 2(0)t + 2(0)
Note to get the solution of &, we have

dz dx

J
<m1+m2+R2>x—(m1—m2)g = (m1+m2+ )dxdt

= (m1 —ma)g

J 1 J
(ml +mao + R2> diz = (m1 — ma)gdr = 5 <m1 +mo + ?) 2 = (m1 — ma)gx

30/ 48



Pulley Dynamic

The two masses shown in Fig are

released from rest. The mass of block
o A'is 60 kg; the mass of block B is 40
kg. Disregards the masses of the
pulleys and rope. Block A is heavier
than block B, but will block B rise or
c fall? Find out by determining the
acceleration of block B by (a) using
free body diagrams and (b) using
conservation of energy.

~
~
~

(a) (b)

a) From the free body diagram, we have
2T — 60g = 60% 4 (%),  40g — T = 40Z g (+%)

If B goes down a distance z g, the A will goes up a distance /2. Then
g = 2T A.
31/ 48



Pulley Dynamics

From (%), T'= 30g + 15% 5 and substitute into (xx) then 40g — 30g — 1545 = 40 .

55&5 = 10g

2 . .
ip = 9= 1.784 m/s*(B is going downward.)

b) Choosing gravitational potential energy to be zero at the datum line, the energy
in the system is (we need to find & 5.)

. 1 .
EmszA + EmBmQB +magra —mpgrp =k

MATAZA +MBTBIR +MmMagta —mpgip =0
Since z4 = xp/2,and &4 = &p/2. Hence

B Ip
ma— +mpipip + mAg7 —mpgip =0

. i g B

(mAT+meB>+(mA§fm5g>—0
60

( +40>ac37<?—40>g, #p = 1.784 m/s>
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Pulley Dynamics :

f two wheel
Juw
@@ ;

A tractor pulls a cart up a slope, starting from rest and accelerating to 20 m/sin 15s.
The force in the cable is f, and the body of the cart has a mass m. The cart has two
identical wheels, each with radius R, mass m.,, and inertia J,, about the wheel center.
The two wheels are coupled with an axle whose mass is negligible. Assume that the
wheels do not slip or bounce. Derive an expression for the force f using kinetic energy
equivalence.

Solution: Form the assumption of no slip and no bounce means that the wheel
rotation is directly coupled to the cart translation. We the wheel rotation 6 can be
calculated from the cart translation z , because z = R@ if the wheels do not slip or
bounce.
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Equivalent Mass and Inertia

The kinetic energy of the system is

1 1 1
KE = Emv2 + 5 (Qmwz)?) + 5 (2wa2)

Because v = Rw, we obtain

1 J
KE = 5 <m + 2mqy + 2R—1;> 0?2

1
= 7m5v2,

2

J. .
where me = m + 2mq, + QR—Z and from the free body diagram we have

me = f — (m + 2my,)gsinf

The acceleration is & = 20/15 = 4/3 m/s2. We have

4
—Me + (’m, + 2m/uy)g sin 6

I=3
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Mechanical Drives

Picture from grabcad.com

Gears transform an input motion, force, or torque into another motion, force, or
torque at the output. For example, a gear pair can be used to reduce speed and
increase torque.
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Mechanical Drives

Ti(t) 61(t) N (1) 01 (5T ()

F 1
01

N = 5, I2(t) 62(2)

" NTi(t) O2(t)T2(t)

Na
A pair of Spur-gear shown in Fig. The input shaft is connected to a motor that
produces a torque 77 at a speed 6; = wy, and drive the output shaft. One use of such
a system is to increase the effective motor torque. The gear ratio N is defined as the
ratio of the input rotation #; to the output rotation 2. Thus

NN _O6_r2_ w1 T2

N1 6 1 w2 Ty
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Mechanical Drives: Spur Gears

Consider the spur gears shown in the previous page. Derive the expression for the
equivalent inertia J. felt on the input shaft.

Solution: Let J; and Js be the total moments of inertia on the shafts. The kinetic
energy of the system is then

1 1
KE = = Jiw? + = Jow?
o VML T 5t

Therefore the equivalent inertia felt on the input shaft is

N2
Je = J — | J
1+{N2} 2

This mean that the dynamics of the system can be described by the model Jew; = Te.

37/ 48



Mechanical Drives: Speed Reducer

For the geared system from the previous example, the inertias is kgm? are J; = 0.1,
for the motor shaft and Jo = 0.4 for the load shaft. The motor speed wy is five times
faster than the load speed w9, so this device is called a speed reducer. Obtain the
equation of motion (a) in terms of wy and (b) in terms of we, assuming that the motor
torque T4 and load torque T5 are given.

Solution: We have N = N5 /N; = wy /we = 5 (not equal 4 due to the load shaft
effect).

(a) Referencing both inertias to shaft 1 gives the equivalent inertia (from the previous
example).

1
Je = J —Jo = 0.116
e 1+252

The w1 speed is effected by both Ty and Tk but the moment felt on shaft 1 due to T»
isonly 7o /N. Then the motion equation is

T
Jew1 = 0.116w1 = Ty + ?2
38/48



Mechanical Drives: Speed Reducer

(b) Using the kinetic energy of the system as

1 1 1 1
KE= = Jiw? 4+ = Jow? = = J1 (5wa)? + = Jow?
g iwr ¥ g Jawy = S 1(5w2)" + 5 Jawy

1 2
=-29w
5 (2.9)3
Thus the equivalent inertia referenced to shaft 2 is J. = 2.9, and the equation of

motion is

29wo =Te = NT1 + T2 = 5T + 1o

Note that with a speed reducer
» the load speed is slower than the motor speed,
» the effect of the motor torque on the load shaft is increased by a factor equal to
the gear ratio N.

39 /48



Mechanical Drives: A Three-Gear System

N e e

o

Assume that the shaft inertias are small. The remaining inertias in kg-m?2 are
J1 = 0.005, Jo = 0.01, J3 = 0.02, J4 = 0.04, and Js = 0.2. The speed ratios are

w1 3 w2
=== = =2
w2 2 w3

Obtain the equation of motion in terms of ws. The torque T is given.
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Mechanical Drives: A Three-Gear System

Solution: Note that

The ratio of the speed w1 /wa < Ja/J1, then the system is a speed reducer. The kinetic
energy is

1 1 1 1 1
KE = §J4w§ + §J1wf + §J2w§ + §J3w32, + 5J5w§

1 1 1

=5 (Ja+ J1)wi + 5J2w§ + 5 (J3 + J5) w?
1 2 1 2 1 2

= 5 (Ja + J1)9w3 + 54&)3 + 5 (Jz + J5)w3
1

= 5(0.665)w§

Since w1 = 3ws, the torque is increased by a factor of 3. Thus the equation of motion
is

0.665w3 = 3T
41/ 48



Mechanical Drives: Rack-and-Pinion

A rack-and-pinion is used to convert
rotation into translation. The input
shaft rotates through the angle 6 as a
result of the torque T produced by a
motor. The pinion rotates and causes
the rack to translate. Derive the
expression for the equivalent inertia
Je felt on the input shaft. The mass of
the rack is m, the inertia of the pinion
is J, and its mean radius is R.

Solution: The kinetic energy of the system is (neglecting the inertia of hte shaft)
1 1.
KE = —ma? + =J62, z = RO
2 2
We have the expression for KE as
1 -\ 2 1 .,
KE=m (ré)" + 570 =

% (mR* + J) 62

42/ 48



Mechanical Drives: Rack-and-Pinion

Thus the equivalent inertia felt on the shaft is
Je=mR?>+J
and the model of the system’s dynamics is
Jb =T,
which can be expressed in terms of = as
Jed& = RT

Note: We have no load torque.

43/ 48



Mechanical Drives: Belt Drive

Belt drives and chain drives shown in Figure. The input shaft is connected to a device
that produces a torque T} at a speed w1, and drives the output shaft. The mean
sprocket radii are r1 and r9 and their inertias are J; and Js. The belt mass is m.
Derive the expression for the equivalent inertia J. felt on the input shaft. Note: We
have no load torque.

44 [ 48



Mechanical Drives: Belt Drive

Solution:
The kinetic energy of the system is

1 1 . 1
KE = §J1w% + 5]20.15 + 5m1)2

If the belt does not stretch, the translational speed of the belt is v = r1w1 = rowo.
Thus we can express KE as

2
Ji1+ J2 <E> + mr%
T2

1 1 riwr \2 1
KE= ~Jiwf + - J2 < : 1) +om(riwn)® = wi
2 2 ro 2

1
2
Therefore, the equivalent inertia felt on the input shaft is

2
T

Je=J1 + J2 (—1) +mr?

2

This means that the dynamics of the system can be described by the model

Jewy =1T7.
45/ 48



Mechanical Drives: Robot-Arm-Link

A single link of a robot arm is shown in Figure. The arm mass is m and its center of
mass is located a distance L from the joint, which is driven by a motor torque 7',
through a pair of spur gears. The values of m and L depend on the payload being
carried in the hand and thus can be different for each application. The gear ratio is
N = 2 (the motor shaft has the greater speed). The motor and gear rotation axes are
fixed by bearings. To control the motion of the arm we need to have its equation of
motion. Obtain this equation in terms of the angle 6. The given values for the motor,
shaft, and gear inertias are (Here we use I instead of .J.)
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Mechanical Drives: Robot-Arm-Link

Im =0.05kg-m?  Ig, =0.025kg-m?  Ig, =0.0lkg-m?
Ig, =01kg-m?  Ig, =0.02kg-m?

Solution: Here we need to model the system as a single inertia rotating about the
motor shaft with a speed wy. To find the equivalent inertia about this shaft we first
obtain the expression for the kinetic energy of the total system and express it in terms
of the shaft speed wy. Note that the mass m is translating with a speed Lws (L8 = x)

1 1 ., 1
KE = 3 (Im + Isy + Ig,) wi + 3 (Isy + 1g,) w3 + 5m(LwQ)Q.

Since we = w1 /N = w1 /2, thus

1 1
KE = 3 Im +Is, +1Ic, + 1 (Isy + I, + mL?)| wi

Therefore, the equivalent inertia referenced to the motor shaft is

1

1 (Isy + Ig, +mL?) = 0.115 4 0.25m L?

Ie =1Im +1Is, +1g, + 47/ 48



Mechanical Drives: Robot-Arm-Link

The equation of motion for this equivalent inertia can be obtained by noting that the
gravity moment mgL sin 6, which acts on shaft 2, is also felt on the motor shaft, but

reduced by a factor of N due to the gear pair. (Load torque makes speed of system
reduce.) Thus

1
Tewr =T — ngL sin 0

But w; = Nws = N6, thus

.. 1
Ie.NO =T, — ngL sin 6

(0.23 +0.5mL?) § = Tp,, — 4.9mLsin 6

48/ 48
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