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Fourier Sine Series

Starting with sin(t)
» |t has period 2 since sin(¢ + 27) = sin(¢),
> |tisan odd function, since sin(—t) = — sin(¢),

> andsin(t) = 0whent=0and ¢t =m.
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Fourier Sine Series

Starting with sin(t)
» |t has period 2 since sin(¢ + 27) = sin(¢),
> |tisan odd function, since sin(—t) = — sin(¢),
> andsin(t) = 0whent=0and ¢t =m.

The combinations of the sines is also have above three properties

Sine series

Fourier sine series is defined by:

S(t) = by sin(¢) + ba sin(2t) + bs sin(3t) + Z by, sin(nt)
n=1

If the numbers by, b, bs, ... drop off quickly enough (decay rate) then the sum S(t)
will inherit all three properties:

Periodic S(t + 27) = S(t)  0dd S(—t) = —S(t)  S(0) = S(w) =0
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Fourier Sine series

Fourier (Mathematicians in France) suggests that any odd periodic function S(t) could
be expressed as an infinite series of sines. The problem is

ft) = Z by, sin(nt),
n=1

where f(t) is an odd function.

Problem!
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Fourier Sine series

Fourier (Mathematicians in France) suggests that any odd periodic function S(t) could
be expressed as an infinite series of sines. The problem is

ft) = Z by, sin(nt),
n=1

where f(t) is an odd function.

Problem!
> What are the value of by that multiplies sin(kt)?
> Suppose S(z) = Y by sin(nt). Multiply both sides by sin(kt) and integrate from
0tom:

/ S(t) sin(kt)dt = / by sin(t) sin(kt)dt + - - - + / by, sin(kt) sin(kt)dt 4 - - -
0 0 0

» On the right hand side, all integrals are zero except the red on with n = k.
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To see why the red term of the previous slide is zero.

Definition

The sine are orthogonal if

/ sin(nt) sin(kt)dt = 0ifn # k
0

Proof: Since

T . ks
/ cos(mt)dt = {smm } =0-0
0 m-lo

Then

sin(nt) sin(kt) = % cos((n — k)t) — % cos((n + k)t) = /0.7r sin(t) sin(kt)dt =0
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fn==k

i 4 (11 n
/ sin(kt) sin(kt)dt = / sin?(kt)dt = / (7 - = Cos(2kt)> dt = —
0 0 0 2 2 2

Then, we have

/ S(¢) sin(kt)dt = / bk,sin(kns)sin(kt)dzt:bk,z
0 0

/S ) sin(kt)d / S(t) sin(kt)d

Note: Since both S(t) and sin(kt) are odd function, the multiplication of two odd
function is even function. Then integrals from —x to 0 and from 0 to = are equal.

Sine coefficients S(—t) = —S(t)

/ S(t) sin(kt)d, / S(t) sin(kt)dt

5/25



Fourier Cosine Series

Cosine series

C(t) = aop + a1 cos(t) + az cos(2t) + - = ap + Z an cos(nt)

n=1

The sum C(t) has two properties:

Periodic C(t + 2m) = C(t) Even C(t) = C(—t)

Problem: What are the value of ag and a?
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Fourier Cosine Series

Cosine series

C(t) = aop + a1 cos(t) + az cos(2t) + - = ap + Z an cos(nt)

n=1

The sum C(t) has two properties:

Periodic C(t + 2m) = C(t) Even C(t) = C(—t)

Problem: What are the value of ag and a?

The constant term ag is the average value of the function C(t). We use the fact that
Jo cos(nt)dt = 0. Then

C(t)dt:/ apdt +0 = ag = 7/ C(t)dt = —/ C(t)dt
0 0 ™ Jo 27 o
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Fourier Cosine Series

The other cosine coefficients a; come from the orthogonality of cosines.

> As with sines, we multiply both sides of C'(¢) by cos(kt) and integrate from 0 to

T

/ C(t) cos(kt)dt = / ao cos(kt)dt + / a1 cos(t) cos(kt)dt 4 - - -
0 0 0

+ a, cos® (kt)dt + - - .
JO

» On the right side, only the red term can be nonzero. (proof that the other terms
are zero by yourself)

» \We have
e s 1 1
/ cos? (kt)dt :/ (— + = cos(2k:t)) dt ==
0 o \2 2 2

Then, we have

/ C(t) cos(kt)dt = / ay, cos(kt) cos(kt)dt = akﬁ = ap = g/ C(t) cos(kt)dt
Jo Jo 2 T Jo 7125



Fourier Cosine Series

Cosine coefficients C'(—t) = C(t)

e /ﬁ C(t)dt = i /7r C(t)dt

/ C(t) cos(kt)d / C(t) cos(kt)dt
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Complete Fourier Series

Since the half-period [0, =], the sines are not orthogonal to all the cosines.
(fo sin(t)dt is not zero.) So for functions F(t) that are not odd or even, we must move
to the complete series (sines plus cosines) on the full interval.

Complete Fourier series

F(t) =ao + Z an, cos(nt) + Z by, sin(nt)

n=1 n=1
1 & 1 /=
ag = — F(t)dt, ap = ;/ F(t) cos(kt)dt,
—

2m J_
1 s

b =~ / F(#) sin(kt)dt
T™J—m

Note:

F@t) + F(=t)
2

F(t) — F(—t)

C(t) = Feven(t) = ) S(t) = Fodd =
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Example: odd function

Find the Fourier sine coefficients by, of the odd square wave SW (t).

SW(t) =1

y

Solution: We have no cosine terms, since SW () is an odd function (You could proof
it that all a; terms are zeros). For k = 1,2,... Since S(t) = 1 between 0 and 7.

2

b= 2 / S(t) sin(kt)dt = > / sin(kt)dt = = [
™ Jo 0 7T

k

— cos(kt) } n

0
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Example: odd function

Find the Fourier sine coefficients by, of the odd square wave SW (t).

SW(t) =1

y

Solution: We have no cosine terms, since SW () is an odd function (You could proof
it that all a; terms are zeros). For k = 1,2,... Since S(t) = 1 between 0 and 7.

2 [T 2 [T 2 [— k)™
b = 7/ S(t) sin(kt)dt = 7/ sin(kt)dt = = {L()}
7 Jo 7 Jo T k 0
> k=1, 12 > k=5, == > in general
> k=20 > k=6,0 -
_ 4 _ 4 —— =
> k=3, 5 > k=17, = b= 7K k= odd
> k=40 > k=80 0, k= evenl10/25



Example: odd function

4 sin(t
Dashed curve: 7m
s

Solid curve: 4 (% + M)
s 1 3
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Example: odd function

. [IWaN ya\
/' -7 0]
- 0lp” ™ ¢ T
/l ™
v vk
~~___. -1
4 sin(t Solid curve:
Dashed curve: 4sin(t) 4 (sin(t) sin(9t)
T 1 N\t
™

Solid curve: 4 (% + M)
s 1 3
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Example: ramp function

Find the cosine coefficients of the even ramp RR(t) function.

Solution: You can see that by, terms are zero because the RR(¢) is an even function.

Instead of direct find the Fourier coefficient of the series, we can integrate the square
wave series SW(t) and add ag. The average ramp height is ag = 7/2. Since the sine

series of the SW (¢) is:

SW(t) = 4 {sin(t) n sin(3t) n sin(5t) n sin(7t) L }
s 1 3 5 7
Then,
m 7w [cos(t) cos(3t) cos(bt  cos(Tt) }
RR(t) = — — —
=37 [ 2 T3t t t 12/25



Example: Up-down function

Derivative of Square Wave

20(t) 20(t — 2m)
UD(t)
1 0 1 o2 =t
—28(t+m) —20(t — 2m)

Since the UP(t) is the derivative of the square wave function. Then take the
derivative of every term to produce cosines in the up-down delta function:

UD(t) = % [cos(t) + cos(3t) + cos(5t) + cos(Tt) + - - -]
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The Fourier Series for a Delta Function

Find the (cosine) coefficients of the delta function §(t), made 2r-periodic. The
impulse 6(¢) occurs at ¢t = 0 and

/ S(t)dt =1 with 2 — periodic / S(t)dt = 1
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The Fourier Series for a Delta Function

Find the (cosine) coefficients of the delta function §(t), made 2r-periodic. The
impulse 6(¢) occurs at ¢t = 0 and

/ S(t)dt =1 with 2 — periodic / S(t)dt = 1
Imagine that the §(¢) is an even function. We have

L7 swyar= -

apg = —
0 2 J_n 2

1 [~ 1
ap = f/ o(t) cos(kt)dt = —,Vk
EL - ™

Then the series for the delta function has all cosines in equal amounts: No decay.

o(t) = % + % [cos(t) 4 cos(2t) + cos(3t) + - -]

1
=5 [1+ 2cos(t) + 2cos(2t) + 2cos(3t) + - - -]
™
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The Fourier Series for a Delta Function

Since 2 cos(t) = eIt 4+ e~7t, we have

on = [1+ejt+efjt+~~-+€th+e*th]
|:1+ejt+ej2t+H.+eth+e—jt+efj2t+.“+€7j1vt]

|:1e](N+l)m 1+e—ij}

F[= F[=5[-

1—ei® 1—ei®

21 . R .
. . 5T N ST —iN -1
eI(N+D)z 4 —jNz )2 (eJ el 2T 4 eI ze—gax)

1

T on 1— eiw REY: (e—j%mrej%w)
1 sin(N + %)t

T on sin(%t)

Note: we use the fact that

N p  1—aN+l
Soak= T
k=0

1—a
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The Fourier Series for a Delta Function

A

510(t) helght 21/271’

height 11/27
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Example

Find the ay and by if

1

—, 0<t<h
Fit)y=<h

0, h<t<2m

Solution: The integrals for ag and ax and by, stop att = h where F'(¢) drops to zero.
The coefficients decay like 1/k because of the jump at = 0 and the dropatz = h :

1 [ 1
ag = — —dt = — = average
2w Jo h 27
1 [k in(kh
ap = — cos(kt)dt = sin(kh)
7h Jo mkh
1 [k 1 — cos(kh
be = [ sin(ktya = LZ05kR)
7h Jo mkh
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Matlab code

% fourier plot

close all; clear all;
dx = 0.01; L = 2#pi;
X = 0:dx:L;

xp = 0:dx:pi-dx;

% one fourth of data point;
n = length(x);
npart = length(xp);

% define function

f = zeros(size(x));
f(1) = 0; f(2:npart) =
f(npart+1:2*npart) =
f(2*npart+1) = 0;

[
1
-
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Matlab code

for N = 1:3, % three terms
hold off;
% plot original function
plot(x, f, 'k', 'linewidth', 1.2)
grid;

% determine sine and cosine terms and sum them all
AO = sum(f.*ones(size(x))) * dx * 2/L;
fFS = AD/2;
for k = 1:N

Ak = sum(f.xcos(2*pixk*x/L))*dx*2/L;

Bk = sum(f.*sin(2#pi*k*x/L))*dx*2/L;

fFS = fFS + Akxcos(2*k#pi*x/L) ...

+ Bkxsin(2*k#pi*x/L);
end
hold on;
plot(x,fFS, 'r-', 'linewidth', 1.2);
axis([—0.1,2*pi+0.1,—1.7, 1.71);
end
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Matlab code

15+ No.Terms: 3 J

LN N
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Complex Exponentials ¢,e 7%

We can combine aj and by into one c.

Complex Fourier series

oo
Fit)=co+c1e® +c1e7+...= Y~ cpef™

n=—0o

> Every ¢, = c_p, We can combine et with e~ into 2 cos(nt). Then the
summation above is the cosine series for an even function.

> Ifeveryc, = —c_pn, we use e/t = —e~I"t = 25sin(nt), then the summation is
the sine series for an odd function and the ¢, are pure imaginary.
» To find ¢, we start with multiplication of F(t) and e~7** and integrate from —n

tom:

™ . ™ . ™ . .
/ F(t)e 7kt = / coe IFtdt + / crefte IRt gr 4 ...
—T —T —T

T
gkt ,—jkt
+‘/7ka6 e dt + 21/25



Complex Exponentials ¢,e 7%

Every integral on the right hand side is zero:

™ R s
/ coe Itdt = / co (cos(kt) — jsin(kt)) dt = 0, w=k =21 =kT

/ crefte™ IRt gL = / cre I Dtgy — / c1 [cos((k — 1)t) — jsin((k — 1)t)] dt = 0,

w=k—-1=2r=(k-1)T
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Complex Exponentials ¢,

Every integral on the right hand side is zero:
s R T
/ coe Itdt = / co (cos(kt) — jsin(kt)) dt = 0, w=k =21 =kT
J =T —T

/ crefte™ IRt gL = / cre I Dtgy — / c1 [cos((k — 1)t) — jsin((k — 1)t)] dt = 0,

w=k—-1=2r=(k-1)T
The red term is

™ . . ~TT
/ crelFte=ikt gy :/ crdt = 2mcy,

—T -

™ .
/ F(t)e ¥ dt = 2mey,, fork =0,+1,...,1

-

Then,

1 4 ;
o 7/ F(t)e ™ *tdt for k =0,+1,...,1
2m J_

co = ag the every of F(t) 22/25



--=-F(t—ys)
4 — F@)

Find ¢y, for the 2w-periodic shifted box

1 ,s<t<s+h
OES S
0 , elsewherein [—7, ]

Solution: We have (T' = 27, w = 1)

1 s+h e*jkt

—jk

) . 1
= — le 7Ftgr = — [
21 Js 2

s+h — ik}
_ oiks (LT
s 275k

Ck
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--=-F(t—ys)
4 — F@)

Find ¢y, for the 2w-periodic shifted box

1 ,s<t<s+h
OES S
0 , elsewherein [—7, ]

Solution: We have (T' = 27, w = 1)

1 s+ e*jkt

—jk

h ) 1
= — le 7Ftgr = — [
21 Js 2

s+h — ik}
_ oiks (LT
s 275k

Note: Actually, shift F(t) to F(t — s) <+ Multiply every ¢, by e=7ks, 23/25
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Example

From the previous example, if we shift F(¢) to the left by s = h/2, the pulse becomes
symmetry around ¢ = 0. This even function F,(¢) equals 1 on the interval from —h/2
to h/2. We don't need to re-calculate the c.

so b e (12 Lty
2 2rjk 27 k/2
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Example

From the previous example, if we shift F(¢) to the left by s = h/2, the pulse becomes
symmetry around ¢ = 0. This even function F,(¢) equals 1 on the interval from —h/2
to h/2. We don't need to re-calculate the c.

so b e (12 Lty
2 2rjk 27 k/2

1 h/2 1
wdt = gz =

co= — _
°T 2 Jonpe 2 Ch/2 T op
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Example

From the previous example, if we shift F(¢) to the left by s = h/2, the pulse becomes
symmetry around ¢ = 0. This even function F,(¢) equals 1 on the interval from —h/2
to h/2. We don't need to re-calculate the c.

—jkh :
szt gzt <&> _ L sin(kh/2)
2 2mjk 2 k/2

I 1 n/2 h
0 = — ldt = — [t i
0 2 —h/2 2 [ }7}L/2 o
Then
Fe(t) 1 O~ sin(kh/2) jup i ( ) -
=5 Ty sinc J
o 2m k;w khj2 © ; e
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