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Learning Outcomes

Students should be able to:

» Calculate the initial values for inductor currents and capacitor voltages in the
transient circuits.

» Determine the voltages and currents in the first-order transient circuits.

» Use Graphical and Symbolic tools to plot and check the calculation results.l



RC Circuits application: Camera’s Flash Circuit
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RC Circuits application:

KCL for the circuit
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» The solution function is a decaying exponential.
» The rate at which it decays is a function of the values of R and C.

» The product RC is a very important parameter, called time constant 7.



First-Order Circuit: General Form

A first-order differential equation:

dx
T as(t) = ()

There are two solutions for this problem:

> z(t) = xp(t) is any solution to the general equation. x,(¢) is called the
particular integral solution, or forced response.

» x(t) = z(t) is any solution to the homogeneous equation

dx
— t) = 0.
o e

z¢(t) is called the complementary solution, or natural response.

If we consider the situation in which f(¢) = A (some constant). The general solution
z(t) consists of two parts that are obtained by solving the two equations




First-Order Circuit: General Form

Since

It is reasonable to assume that the solution x,(¢) must also be a constant. We have

A
zp(t) = K1 = K1 = .

From
dxc
t)=0
dt +aze(t)
We have
1
——dze=—a = Inz.(t)=-at+C
zc(t)

ze(t) = Koe— ot

Thus z(t) = zp(t) + zc(t) = 2 + Kze~ % In general case, z(t) = K1 + Koe™ 7t



First-Order Circuit: General Form

Consider the general solution
I(t) =K1 + Kzeiét

Each part of the equation has a names that are commonly employed in electrical
engineering.

» Term K is referred to as the steady-state solution: the value of the variable
z(t) as t — oo, the second term become zero.

» The constant 7 is called the time constant of the circuit. The second term is a
decaying exponential.

Kpe 7! =

1, Ko, 7>0andt=0
0, T>0andt=o0

» The rate at which the exponential decays is determined by the time constant 7.



First-Order Circuit: General Form

2o(t) = Kyt e 7t

K,

0.368 K5

4r #(s)

» The value of z.(t) has fallen from K5 to a value of 0.368 K2 in one time
constant, a drop of 63.2%.

> In two time constants the value of z.(t) has fallen to 0.135K5, a drop of 63.2%
from the value at time ¢ = 7, and the final value of the curve is closed by 63.2%
each time constant.

> After five time constants, z.(t) = 0.0067 K>, which is less than 1%

» The circuit with a small-time constant has a fast response, and a large time
constant circuit has a slow response. 8



Analysis Techniques RC Circuit: Differential Equations

Using KCL fort > 0 is

dvo n ve(t) — Vs _

Cc—= =0
dt R
dve 1 Vs
o TReY = R

From the previous section, we have

1
vc(t) =K +K2877t

Substituting the solution into the differential equation yields

Equating the constant and exponential terms, we obtain

K1 =V and 7= RC



Analysis Techniques RC Circuit: Differential Equations

Therefore
_ L4
’Uc(t) = Vs + Keoe™ RC

To find the value of K2, we need to know the initial condition of v (07). Here the
capacitor is uncharged at ¢ < 0, then

0="Vs+ Kz = Ky =—Vs
Hence, the complete solution for the voltage v (t) is
1

vo(t) = Vs(1 — eRTY).

Since 7 = RC we can change the time constant by changing the value of RC.

10



Example

Analysis Techniques RC Circuit:

2%%Y%
Att < 0,wehavevg(07) =9 V.

t=0
iy

2S2§ 10 pF =

9V

We have

e
o . ve(®) _
dt R
vo(t) = ve (07 e~ ROt

+
= ve(t)

_ 1

= Qe 60x10-6" \

zsz§ 10 pF 5

Note: The differential equation of this question is

vo(t) =0

dve 1
(6)(10 x 10—6)
"

dt

We can solve this problem by using Symbolic computational program.



Analysis Techniques RC Circuit: Example (Matlab)

syms vc(t) t
R =6; C = 10e-6;
eqn = diff(vc,t) + (1/(RxC))xvc(t) == 0;

vc = dsolve(eqn, vc(0)== 9);
fplot(vc, [0, 0.6e-3])

[ N IOV N

ve(t) = 9e” 20500t

Timelsec] x10* 12



Analysis Techniques RC Circuit: Example (Simscape)

—se 1]

Simulink-PS  Step
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Consider ve(t) after the fully charge period from ¢ > 0.3 ms.
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Analysis Techniques RL Circuit

: Differential Equation

Using KVL for ¢t > 0, we have
Determine vg(t) of the circuit below at
time ¢t > 0. di
L% + Rig(t) = Vs
JuR(t)_ .
o AAA——— diy, R Vs
= - t) = —=
f a TTrW=7
Ve gL
From the standard from, we have

’iL(t) =K +K2€7%t
Substituting the solution into the differential equation yields
Ky _

——e

T

R R Vi
%t+zK1+ZK267%t s

Equating the constant and exponential terms, we obtain

and T=

L
R 1%



Analysis Techniques RL Circuit: Differential Equation

Therefore

To find the value of K2, we need to know the initial condition of i1, (07~). Since there
are no initial current in the inductor at ¢ < 0, then

Vs Vs
0= —+ K = Ko = ——
R 2 2 R

Hence, the complete solution for the current iy (¢) is

in(t) = % (1-e2)

vR(t) = Rip(t) = Va(1 —e L),

Since T = % we can change the time constant by changing the value of R or L.
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Analysis Techniques RL Circuit: Example

2Q L
AN LTI
Ry 2H

Vs

1

NS
7

The circuitatt < 0

29 A i (0~
A )
Ry

Ra 220

Vs,

:) 12V

L\ +

av () Vs,

R3§2S2

The switch in the network opens at ¢t = 0.
Let us find the output voltage v, (t) for
t>0.

There are several ways to find iz, (07) .
Here we use KCL.
—12 4
va—12 va+d va_
2 2 2

3
—vA =4 = vy =
B A A

v

w| oo

4
ir(07) = 3 A
16



Analysis Techniques RL Circuit: Example

The circuitatt >0

DLy gin(t) =6

20 in(t) L
=, dt

. _R,
+ ir(t) = K1 + Koe™ L
e .

Vs, g’> 12V Rdng — Kyt Ky~ 2t

Ki=3andT=0.5s

Since ir(07) = 3 A, we have

4 5
-=3+Ky = Ko=—-
3 2 2773

Thus,

10

5
i(t)=3— 56—215 A= w(t)=6— —e 2tV



Analysis Techniques RL Circuit: Example (Matlab)

1 L
syms iL(t) t 8 dt = yout.xXData(2)- yout.XData(1);
2 R=4;L=2 9 tx = -1:dt:0;
3 = diff(iL,t R/IL)*iL(t) == 12/L; ~ Fes oo
; eqn ifF(iL,t) + (R/L)%iL(t) IL: 10 tt = [tx yout.XDatal;
. _ n = YD 1 i .
c [N yy [\;/Do:ttay ata(1)xones(size(tx)) yout
6 vo = 2%il 12 lot (tt ',l'\nevv\dth' 2)
7 yout = fplot(vo, [0, 7]) P o '
7 - T T T T T T
sl
sl i
A47 |
= 10
ol ] vo(t) =6 — —e 2
3
ol i
A i
0 L L L L L L L
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Analysis Techniques RL Circuit: Example (Simscape)

Simulink-PS
Step  Converter
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Consider v, (t) from¢ > 3's.



Analysis Techniques RC and RL Circuits

» We will not consider the step-by-step method. It is no benefit.

» To use the step-by-step method, we need to store more formulas, which are not
necessary.

» Simple using KVL and KCL analysis are more than enough.

» Just keep in your mind that

ve(07) = ve(01) = ve(0)
ip(07) =i (07) =4i.(0)

This phenomenon is from the physical behavior of inductors and capacitors.

20



Analysis Techniques RC Circuit: (Hard) Example

1kQ Consider the circuit shown in Fig.
The circuit is in steady state prior
to time ¢t = 0, when the switch is
36 VCD 100pF ::zc(ﬁ =07 12V CD closed. Let us calculate the
current i(t) for ¢ > 0.

Firstly, we need to find ¢(0~) and v (07) as follow:

Find #(0~):
36 — 12
07) = =2mA
U07) = 55708
Find v (07)

—364+2x103(2x 1073) + vc(07) =0

ve(07) =32V
21



Analysis Techniques RC Circuit: (Hard) Example

The circuit at ¢ > 0: Using KCL
A4 i S —-36 _d
Wy = e
2 x 103 dt 6 x 103
_gdv dvc(t) 108
sev (" F 2 100 x 1076 2¢ clt) _
wv () 100uF ZEve () dt T6x10°  6x10°
dve 20
—_ 4+ — t) = 180
% T3 ve ()
From the standard from we have
20, 3
vc(t):Kl-I—KQe 3V, Ky =27, T:?O S

ve(t) =27+ Kzeiz.‘TOt
32=2T+Ky = Ko=5

Thus

22



Analysis Techniques RC Circuit: (Hard) Example

23



Analysis Techniques RC Circuit: (Hard) Example Il

120 The circuit shown in Fig is
a%% .
assumed to have beenin a
10 4H 10 steady-state condition prior to
+'Y<\f) = 0tD YW\ switch closure at t = 0. We wish

to calculate the voltage v(t) for

+
Vs, C) 24V 69§ L:O.>§ gzsz t>0.

We need to start to find 4 (0~ ) and v(07).

12Q
oy 24(2)

va07) = 55 =8
10 a0 10 6 g
= W ir(07) =4 (m) =3 A
+
24(4
Vs, QDMV 6Q§ §QQ ’U(Oi) — 2+i =16 V

2%



Analysis Techniques RC Circuit: (Hard) Example Il

The circuitat ¢ > 0:

120 Find 4z, (t) as follow:
MV
va — 24 VA . vA
Al 5 4H A " vA _
+,\§3V7 S ACY N 1 + 6 +irp(t) + 1
+ v va + 2 (1) =12
s () 2 ) di, 1 di
xag)zw mé ;tL +§iL(t):3, . ;tL

From the standard from we have

ir(t) = K1+ Kae 2%, Ky =6, 7=2s
iL(t)=6+K2€ ot
8 10
—=6+Ko = Kog=——
3 ? ? 3
10
zL(t):6f§e 2t A

25



Analysis Techniques RC Circuit: (Hard) Example Il

Find v(t)

ip(t)

By using KVL:

—24+v(t)+va =0

diy,
t) =24 — =24—-4—
v(®) vA dt
20
v(t) =24 — sty
3
Since
di_d (6, E;;) Y
dt ~ dt 3 3
() = vp (1) = L2E
v = =L—
A L dt

26



Analysis Techniques RC Circuit: (Hard) Example Il

o(t)(V)
A
) //_,
17.33
16
10
5
0 2 4 6 8 t(s)

27



Analysis Techniques RC Circuit: (Hard) Example 11|

The circuit shown in Fig has
reached steady state with the
switch in position 1. At time t = 0
the switch moves from position 1
to position 2. We want to calculate
vo(t) fort > 0.

36\/6) 49§
- 12V

We need to start to find 41 (07) and v, (07).

iL(0) 12

A 2ia o 12+2(3)




Analysis Techniques RC Circuit: (Hard) Example 11|

Find iz (t) as follow:

The circuitat ¢ > 0:
—36 + 211 +4(i1 — iL) =0

W N =6+ Zir
6 Q< volt) 1
3()‘V<f ir - ia=06- 3L
di
2ia 4(iL7i1)+L% 4 6ip — 24 =0
dig,
— 4+ —ir, =12
dt +
From the standard from we have
9 3
in(t) = K1 + Kae™ 57, Ki=3, 7=gs
. 9 84
ZL(t):§+K26 3
3*9+K = Ko =——
T 2T
. 9 3 _s8 . _8
zL(t):§—§ BEA = wo(t) = 6ir(t) = 27 — 9e~ 3tV .



Pulse Response

» \When a voltage or current source in a circuit is suddenly applied, the voltages or
currents in the circuit are forced to change abruptly.

» Aforcing function whose value changes in a discontinuous manner or has a
discontinuous derivative is called a singular function.

» There are two important singular functions in circuit analysis: the unit step
impulse function and the unit step function.

» The unit step function is defined as

0, t<0
1(t) = s It—to) =
1, t>0

=

t <to
, t=>to

Ju—

1(t) 1(t—to)

A1(t) ALt~ o)




Pulse Response

AL(D)

» Pulse function

f(#) = A[1(#) — 1(t — to)] »

AL — t)

31



Analysis Techniques RC Circuit: Pulse Example

6 k2 A 4 kQ
a%%Y% a%%Y%

ic(t) +
u(t) C) 100uF ::tu(;(t) 8 k2 § vo(t)

0 0.3 t(s)
Determine the expression for the voltage v, (t).
Note: v (07) = v,(0~) =0V
Use KCL at point A, we have
ve—9 | . ve
t =0
ore W g
dve
ic(t)y=C—=
ic(t) 7
d 5
K 2uet) =15

a2 32



Analysis Techniques RC Circuit: Pulse Example

d 5
—;}tc + gvc(t) =15 = wvc(t)=K +K2€_%t
30 2
Ky =— =6, T =
5

Thus,
vo(t) =6 (1 — efgf)
By using voltage divider technique, we have
2 _5
vo(t) = Zve(t) =4 (1-e 3
Att = 0.3, we obtain

2
ve(0.3) = 6 (1 _ e—%<0~3>) =316 and  v,(0.3) = 3.167 =211V 3



Analysis Techniques RC Circuit: Pulse Example

After ¢t > 0.3,
6 kO A 1kQ
a%% a%%
ic(t) + ve(0.3) =3.16 V
100uF ::Jru(;(t) 8 m;uo(t)
- - ,(0.3) =2.11V
vo(t) . ve(t)
t =0
sk Wt g
d 5 5 .
CE e =0, volt) = Ky + Kae 30709

Ki=0, K»=3.16
vo(t —0.3) = 3.16e~ 3 (t0-3)
vo(t —0.3) = gvc(t —0.3) = 9116~ 3(t=0.3)
0, t<0

vo(t) = 4(1—6—%’5), 0<t<03
211e~3(¢=03) ¢ >03



Analysis Techniques RC Circuit: Pulse Example

v(t)(V)
4 ___________________________________________
L ) S '
0 0.3 t(s)

35



Analysis Techniques RC Circuit: Pulse Example

6k 4k
AAAS
Controlled
Voltage 100 uF
Sourcel
A
.
Vol Simulink-PS e
oltage Converter - + . .
N = Output
= Volta
f(x) =0 age

36
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